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Relativistic quantum field theories for complex scalar and Dirac fields are investigated
in non-equilibrium thermo field dynamics. The thermal vacuum is defined by the Bo-
goliubov transformed creation and annihilation operators. Two independent Bogoliubov
parameters are introduced for a charged field. Its difference naturally induces the chemi-
cal potential. Time-dependent thermal Bogoliubov transformation generates the thermal
counter terms. We fix the terms by the self-consistency renormalization condition. Eval-
uating the thermal self-energy under the self-consistency renormalization condition, we
derive the quantum Boltzmann equations for the relativistic fields.
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1. Introduction
Much attention has been paid for thermal evolution of high energy phenomena, for
example, hot and dense quark matter. It is expected that the time dependence of
the system can be observed in a relativistic heavy ion collisions and cooling process
of dense stars. In such a system a thermal quantum field theory, i.e. a quantum field
theory to describe thermal dynamics, is necessary to investigate the non-equilibrium
phenomena for relativistic fields. There are several theories, the thermo field dy-
namics (TFD), the Kadanoff-Baym formalism, the Langevin equation1,2,3,4,5 and
so on. In this paper we focus on thermo field dynamics to describe a non-equilibrium
thermal system for relativistic charged fields.
TFD has been proposed by Y. Takahashi and H. Umezawa1,6,7,8. In TFD the
canonical formalism for a quantum field theory is established at finite temperature.
The so-called thermal vacuum state is defined to calculate the thermal average
1
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of dynamical operators. It introduces the thermal Bogoliubov transformation. The
fundamental formalism of TFD for relativistic complex scalar and Dirac fields is
developed in a finite and homogeneous system, see for example Ref. 9. A propaga-
tor for the Dirac field has been discussed at finite chemical potential in Ref. 10. In
Ref. 11 the complex scalar field has been applied to TFD in a spatially inhomoge-
neous system, and the thermal conductivity and the diffusion coefficient has been
calculated for interacting pions in hot and dense nuclear matter.
TFD has been extended to describe an out of equilibrium system12. In the
non-equilibrium thermo field dynamics (NETFD) the thermal Bogoliubov trans-
formation is generalized to depend on time variable. The time-dependent thermal
Bogoliubov transformation induces the thermal counter term 13,14,15. The term
is fixed by imposing the self-consistency renormalization condition at the equal
time limit14,15. Then the quantum Boltzmann equation is derived from the renor-
malization condition. This procedure is applied to investigate the Bose-Einstein
condensation in trapped cold atom systems16,17,18,19. NETFD is also extended to
an inhomogeneous system with diffusion20,21.
In Ref. 22 NETFD has been applied to a neutral scalar field based on the canon-
ical quantization. In NETFD the neutral scalar field depends on a thermal Bogoli-
ubov parameter, which is equal to uncharged particle number density under the
self-consistency renormalization condition. The relativistic charged fields depend
on two types of the Bogoliubov parameters, n+(t) and n−(t), which correspond to
the particle and anti-particle number density under the self-consistency renormal-
ization conditions, respectively. The thermal counter term for the neutral scalar field
fixes one of the Bogoliubov parameters. An alternative condition or assumption is
necessary to fix all the Bogoliubov parameters. In the case of the Dirac fermion it
has been pointed out that the positive and the negative frequency parts can not be
described in an usual Lagrangian form and conjectured that the charge conjugation
is broken in the framework of NETFD 23.
In this paper we approach relativistic complex scalar and Dirac fields at finite
chemical potential based on the canonical quantization. In §2 we consider a scalar
field in NETFD. Following the canonical formalism, we quantize the complex scalar
field with finite chemical potential. The time-dependent Bogoliubov transformation
modifies the unperturbed Hamiltonian and introduces the thermal counter term.
In §3 we discuss the self-consistency renormalization condition for the complex
scalar field. The time evolution equations are derived under the condition. In §4 a
two loop quantum correction is calculated in a (φ†φ)2 interaction model. Applying
the self-consistency renormalization condition at the lowest order, we find that the
time evolution equations for the Bogoliubov parameters coincide with the quantum
Boltzmann equations for the charged Bose particles. In §5 we study a Dirac field in
NETFD. The Dirac field can be quantized at finite chemical potential following a
similar procedure with the complex scalar field. Because of the time-dependence of
the thermal Bogoliubov transformation, the unperturbed Hamiltonian is modified
and the thermal counter term appears. In §6 we extend the self-consistency renor-
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malization condition to the Dirac field. The time evolution equations for the Dirac
field are obtained from the condition. In §7 we apply the result to a Yukawa inter-
action model. One loop quantum corrections are calculated for the neutral scalar
and the Dirac propagators. Imposing the self-consistency renormalization conditions
on the scalar and Dirac fields, we reproduce the well-known quantum Boltzmann
equations at the week coupling limit. Concluding remarks are given in §8.
2. Canonical Quantization for a Complex Scalar Field
We start from the description of a complex scalar field at finite chemical potential
in NETFD. In this paper we confine ourselves to homogeneous processes. Thus the
complex scalar field is expanded in terms of two independent operators, ap and bp,
where p denotes the spatial momentum of a single Fourier mode. The creation and
annihilation operators obey the commutation relations,
[ap, a
†
k] = (2pi)
3δ(3)(p− k), (1)
[bp, b
†
k] = (2pi)
3δ(3)(p− k), (2)
[ap, b
†
k] = [a
†
p, b
†
k] = [ap, bk] = [a
†
p, bk] = 0. (3)
In TFD the tilde operators, a˜p and b˜p, are introduced according to the tilde
conjugation rules,
(A1A2)˜ = A˜1A˜2, (4)
(c1A1 + c2A2)˜ = c
∗
1A˜1 + c
∗
2A˜2, (5)
(A˜)˜ = A, (6)
(A†)˜ = A˜†, (7)
where A1 and A2 show any operators, c1 and c2 are c-numbers. Following the tilde
conjugation rules, we find that the tilde operators, a˜p and b˜p, obey the commutation
relations,
[a˜p, a˜
†
k] = (2pi)
3δ(3)(p− k), (8)
[b˜p, b˜
†
k] = (2pi)
3δ(3)(p− k), (9)
[a˜p, b˜
†
k] = [a˜
†
p, b˜
†
k] = [a˜p, b˜k] = [a˜
†
p, b˜k] = 0. (10)
The ordinary operators commute with the tilde operators,
[ap, a˜k] = [ap, a˜
†
k] = [ap, b˜
†
k] = [ap, b˜k] = 0, (11)
[bp, b˜k] = [bp, b˜
†
k] = [bp, a˜k] = [bp, a˜
†
k] = 0. (12)
Time evolution of the field is described by the hat-Hamiltonian which is constructed
by
Hˆ = H − H˜, (13)
where H is an ordinary Hamiltonian and H˜ is the tilde conjugate Hamiltonian.
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In TFD the thermal expectation value of a dynamical operator is given by the
expectation value under the state so-called thermal vacuum state, 〈θ| and |θ〉. For
the complex scalar field the thermal vacuum state is defined by the two operators,
ξp and ηp, and their tilde conjugates, ξ˜p and η˜p, which are the thermal Bogoliubov
transformations of ap, bp, a˜p and b˜p with two independent thermal Bogoliubov
parameters, n±(t; p),
ξαp (t) = B(n+(t; p))
αβaβp (t), ξ¯
α
p (t) = a¯
β
p (t)B
−1(n+(t; p))
βα, (14)
ηαp (t) = B(n−(t; p))
αβbβp (t), η¯
α
p (t) = b¯
β
p (t)B
−1(n−(t; p))
βα. (15)
Here and below the upper indices indicate the thermal doublet notation. In this
notation creation and annihilation operators are described as
aαp =
(
ap
a˜†p
)
, a¯αp =
(
a†p −a˜p
)
. (16)
The Bogoliubov transformation has a 2× 2 matrix form.
In the non-equilibrium and homogeneous system the thermal Bogoliubov pa-
rameters, n±(t; p), depend on time, t, and the magnitude of the momentum, p. We
set the thermal Bogoliubov matrices, B and B−1, as
B(n±) =
(
1 + n± −n±
−1 1
)
, (17)
B−1(n±) =
(
1 n±
1 1 + n±
)
. (18)
This expression makes available to calculate quantum corrections in the Dyson-Wick
formalism24.
According to the transformed operators, ξp, ηp, ξ˜p and η˜p, the thermal vacuum
state is defined as
ξp|θ〉 = ξ˜p|θ〉 = ηp|θ〉 = η˜p|θ〉 = 0, (19)
〈θ|ξ†p = 〈θ|ξ˜
†
p = 〈θ|η
†
p = 〈θ|η˜
†
p = 0. (20)
It should be noticed that the physical observables are constructed by the original
operators, ap and bp.
In an equilibrium system the thermal vacuum state has a condensate nature
structure with the thermal pairs, aa˜ and bb˜, 1
|θ〉 = UB,a(χa)UB,b(χb)|0〉〉, (21)
〈θ| = 〈〈0|U−1B,a(χa)U
−1
B,b(χb), (22)
where |0〉〉 and 〈〈0| represent the non-thermal vacuum states,
ap|0〉〉 = a˜p|0〉〉 = bp|0〉〉 = b˜p|0〉〉 = 0, (23)
〈〈0|a†p = 〈〈0|a˜
†
p = 〈〈0|b
†
p = 〈〈0|b˜
†
p = 0. (24)
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The transformation operators are described as
UB,a(χa) = exp[iχa1Gˆa1]exp[−iχa2Gˆa2]exp[iχa3Gˆa1]exp[iχa2Gˆa2]exp[−iχa1Gˆa1],
(25)
UB,b(χb) = exp[iχb1Gˆb1]exp[−iχb2Gˆb2]exp[iχb3Gˆb1]exp[iχb2Gˆb2]exp[−iχb1Gˆb1],
(26)
with the generators,
Gˆa1(k) = i(a
†
kak + a˜
†
ka˜k), Gˆa2(k) = i(aka˜k + a
†
ka˜
†
k), (27)
Gˆb1(k) = i(b
†
kbk + b˜
†
k b˜k), Gˆb2(k) = i(bk b˜k + b
†
kb˜
†
k). (28)
We use an abbreviation,
χa(b)iGˆa(b)j =
∫
d3k χa(b)i(k)Gˆa(b)j(k). (29)
The thermal vacuum state is classified according to the parameters,
χa1, χa2, χa3, χb1, χb2 and χb3. From Eqs. (21) and (22) we can find that the ex-
pectation value of operators under the thermal vacuum coincides with the ther-
mal trace of the operators. By using the transformation operators, UB,a(χa) and
UB,b(χb), the thermal Bogoliubov transformations are written as
ξαp = UB,a(χa)a
α
pU
−1
B,a(χa), ξ¯
α
p = UB,a(χa)a¯
α
pU
−1
B,a(χa), (30)
ηαp = UB,b(χb)b
α
pU
−1
B,b(χb), η¯
α
p = UB,b(χb)b¯
α
pU
−1
B,b(χb). (31)
The thermal Bogoliubov parameters, n+(k) and n−(k), can be represented as a
function of χai(k) and χbi(k), respectively. However, the operators, UB,a and UB,b,
contain divergent coefficients in field theories with an infinite degree of freedom.
These operators are mathematically ill-defined. Here we employ well-defined ex-
pressions (14) and (15) and quantize the fields.
The Bogoliubov transformation keeps the commutation relations. Thus the
transformed operators, ξp and ηp, and their tilde conjugates, ξ˜p and η˜p, satisfy
the commutation relations,
[ξp, ξ
†
k] = [ξ˜p, ξ˜
†
k] = (2pi)
3δ(3)(p− k), (32)
[ηp, η
†
k] = [η˜p, η˜
†
k] = (2pi)
3δ(3)(p− k), (33)
with all other commutators vanish. The scalar field is quantized under these com-
mutation relations.
We develop the quantum field theory for the complex scalar field with finite
chemical potential according to NETFD which has been proposed by H. Umezawa
and Y. Yamanaka13. Below we work in the interaction picture. To guarantee the
time independence of the thermal vacuum we assume that the complex scalar field
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is decomposed as a Hermitian form in terms of the transformed operators,
φξ(x) ≡
∫
d3p
(2pi)3
1√
2ωp
{
ξp(tx)e
ip·x + η†p(tx)e
−ip·x} , (34)
φ
†
ξ(x) ≡
∫
d3p
(2pi)3
1√
2ωp
{
ξ†p(tx)e
−ip·x + ηp(tx)e
ip·x} , (35)
with
ξp(tx) = ξpe
−iω+,ptx , ξ†p(tx) = ξ
†
pe
iω+,ptx , (36)
ηp(tx) = ηpe
−iω−,ptx , η†p(tx) = η
†
pe
iω−,ptx , (37)
and
ω+,p ≡ ωp − µ, (38)
ω−,p ≡ ωp + µ, (39)
where ωp is the relativistic energy eigenvalue,
√
p2 +m2, and µ denotes the chemical
potential. The energy eigenvalue, ωp, generally depends on time through the screen-
ing effects and so on. In this paper we focus on a system with a time independent
energy eigenvalue, for simplicity. The chemical potential is introduced according to
the conserved charge in an equilibrium system. See appendix A.
The tilde conjugate field is defined by the tilde conjugation rules, (4)-(6).
φ˜ξ(x) =
∫
d3p
(2pi)3
1√
2ωp
{
ξ˜p(tx)e
−ip·x + η˜†p(tx)e
ip·x
}
, (40)
φ˜
†
ξ(x) =
∫
d3p
(2pi)3
1√
2ωp
{
ξ˜†p(tx)e
ip·x + η˜p(tx)e
−ip·x
}
. (41)
Thus the time dependent operators can be combined as the thermal doublet nota-
tion,
ξαp (tx) = ξ
α
p e
−iω+,ptx , ξ¯αp (tx) = ξ¯
α
p e
iω+,ptx , (42)
ηαp (tx) = η
α
p e
−iω−,ptx , η¯αp (tx) = η¯
α
p e
iω−,ptx . (43)
The complex scalar field is written in the thermal doublet notation,
φαξ (x) ≡
∫
d3p
(2pi)3
1√
2ωp
{(
ξp(tx)
ξ˜†p(tx)
)
eip·x +
(
η†p(tx)
η˜p(tx)
)
e−ip·x
}
=
∫
d3p
(2pi)3
1√
2ωp
{
ξαp (tx)e
ip·x + (τ3η¯p(tx)
T )αe−ip·x
}
, (44)
φ¯αξ (x) ≡
∫
d3p
(2pi)3
1√
2ωp
{(
ξ†p(tx) −ξ˜p(tx)
)
e−ip·x
+
(
ηp(tx) −η˜
†
p(tx)
)
eip·x
}
=
∫
d3p
(2pi)3
1√
2ωp
{
ξ¯αp (tx)e
−ip·x + (ηp(tx)
T τ3)
αeip·x
}
, (45)
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where ταβ3 is the third Pauli matrix acting on the thermal indices. The canonical
conjugate field is given by
piαξ (x) = (−i)
∫
d3p
(2pi)3
√
ωp
2
{
ξαp (tx)e
ip·x − (τ3η¯p(tx)
T )αe−ip·x
}
, (46)
p¯iαξ (x) = (−i)
∫
d3p
(2pi)3
√
ωp
2
{
−ξ¯αp (tx)e
−ip·x + (ηp(tx)
T τ3)
αeip·x
}
. (47)
The canonical commutation relations are satisfied at the equal time,
[φαξ (t,x), p¯i
β
ξ (t,y)] = [φ¯
α
ξ (t,x), pi
β
ξ (t,y)] = iδ
(3)(x− y)δαβ . (48)
Next we decompose the complex scalar field in terms of the original operators,
ap and bp. Differentiating the operators, ξ
α
p (tx) and ξ¯
α
p (tx), with respect to the time
variable, we obtain
∂txξ
α
p (tx) = −iω+,pξ
α
p (tx), (49)
∂tx ξ¯
α
p (tx) = iω+,pξ¯
α
p (tx). (50)
The thermal Bogoliubov transformation (14) gives the time evolution equations for
the operators, aαp (tx) and a¯
α
p (tx),
∂txa
α
p (tx) = −i{ω+,p − in˙+(tx; p)T0}
αβaβp (tx), (51)
∂tx a¯
α
p (tx) = a¯
β
p (tx)i{ω+,p − in˙+(tx; p)T0}
βα, (52)
where the matrix, Tαβ0 , is given by
T
αβ
0 =
(
1 −1
1 −1
)
. (53)
It should be noted that the matrix, Tαβ0 , satisfies, T
αβ
0 T
βγ
0 = 0. Eqs. (51) and (52)
indicate that the energy eigenvalue for the operator, ap(tx), depends on the time
derivative of the thermal Bogoliubov parameter, n˙+(t; p).
Hence, we define the time dependent operators, aαp (tx) and a¯
α
p (tx), by
aαp (tx) = exp
{
−i
∫ tx
−∞
dtsΩ+,p(ts)
}αβ
aβp , (54)
a¯αp (tx) = a¯
β
p exp
{
i
∫ tx
−∞
dtsΩ+,p(ts)
}βα
, (55)
where we write
Ωαβ+,p(ts) ≡ ω+,pδ
αβ − in˙+(ts; p)T
αβ
0 . (56)
The time dependence of the operators, bαp (tx) and b¯
α
p (tx), is obtained from
Eq. (43). Time derivatives of ηαp (tx) and η¯
α
p (tx) give
∂txη
α
p (tx) = −iω−,pη
α
p (tx), (57)
∂tx η¯
α
p (tx) = iω−,pη¯
α
p (tx). (58)
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Applying the thermal Bogoliubov transformation, we find the time evolution equa-
tions for bαp (tx) and b¯
α
p (tx),
∂txb
α
p (tx) = −i{ω−,p − in˙−(tx; p)T0}
αβbβp (tx), (59)
∂tx b¯
α
p (tx) = b¯
β
p (tx)i{ω−,p − in˙−(tx; p)T0}
βα. (60)
Thus the time dependent operators, bαp (tx) and b¯
α
p (tx), are described as
bαp (tx) = exp
{
−i
∫ tx
−∞
dtsΩ−,p(ts)
}αβ
bβp , (61)
b¯αp (tx) = b¯
β
p exp
{
i
∫ tx
−∞
dtsΩ−,p(ts)
}βα
, (62)
where the energy eigenvalue of the operators, Ωαβ−,p(ts), is given by
Ωαβ−,p(ts) ≡ ω−,pδ
αβ − in˙−(ts; p)T
αβ
0 . (63)
Therefore the operators, ap and bp, are organized into the positive and the
negative frequency parts of the complex scalar field,
φαa (x) ≡
∫
d3p
(2pi)3
1√
2ωp
{
aαp (tx)e
ip·x + (τ3b¯p(tx)
T )αe−ip·x
}
, (64)
φ¯αa (x) ≡
∫
d3p
(2pi)3
1√
2ωp
{
a¯αp (tx)e
−ip·x + (bp(tx)
T τ3)
αeip·x
}
. (65)
Since the energy eigenvalues, Ωαβ±,p(ts), are not Hermitian, the complex scalar field
(64) and (65) are not invariant under the time-reversal transformation.
We define the canonical conjugate field,
piαa (x) ≡ (−i)
∫
d3p
(2pi)3
√
ωp
2
{
aαp (tx)e
ip·x − (τ3b¯p(tx)
T )αe−ip·x
}
, (66)
p¯iαa (x) ≡ (−i)
∫
d3p
(2pi)3
√
ωp
2
{
−a¯αp (tx)e
−ip·x + (bp(tx)
T τ3)
αeip·x
}
, (67)
to satisfy the equal-time canonical commutation relations,
[φαa (t,x), p¯i
β
a (t,y)] = [φ¯
α
a (t,x), pi
β
a (t,y)] = iδ
(3)(x− y)δαβ . (68)
Thus the complex scalar field is constructed by ap and bp with an ordinary canonical
commutation relations.
The unperturbed hat-Hamiltonian for the complex scalar field, φαa and φ¯
α
a ,
should be defined to derive the equations of motion. The time derivatives of
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Eqs. (64)-(67) give the equations of motion,
(∂tx − iµ)φ
α
a (x) = pi
α
a (x)
−n˙+(tx; |∇x|)T
αβ
0 φ
β
a,+(x) + n˙−(tx; |∇x|)T
αβ
0 φ
β
a,−(tx), (69)
(∂tx + iµ)φ¯
α
a (x) = p¯i
α
a (x)
+n˙+(tx; |∇x|)φ¯
β
a,−(x)T
βα
0 − n˙−(tx; |∇x|)φ¯
β
a,+(tx)T
βα
0 , (70)
(∂tx − iµ)pi
α
a (x) = −(−∇
2
x +m
2)φαa (x)
−n˙+(tx; |∇x|)T
αβ
0 pi
β
a,+(x) + n˙−(tx; |∇x|)T
αβ
0 pi
β
a,−(x), (71)
(∂tx + iµ)p¯i
α
a (x) = −(−∇
2
x +m
2)φ¯αa (x)
+n˙+(tx; |∇x|)p¯i
β
a,−(x)T
βα
0 − n˙−(tx; |∇x|)p¯i
β
a,+(x)T
βα
0 , (72)
where φαa,± and φ¯
α
a,± denote the positive and the negative frequency parts of the
complex scalar field, (64) and (65). piαa,± and p¯i
α
a,± represent its canonical conju-
gate (66) and (67). The terms proportional to n˙±(tx; |∇x|) appear from the time
dependence of the thermal Bogoliubov transformation.
The unperturbed hat-Hamiltonian, Hˆ0, for the complex scalar field in an equi-
librium system consists with the kinetic term and the conserved charge as
Hˆ0 =
∫
d3x
[
p¯iαa (x)pi
α
a (x) + φ¯
α
a (x)(−∇
2
x +m
2)φαa (x)
−iµ
{
φ¯αa (x)pi
α
a (x)− p¯i
α
a (x)φ
α
a (x)
}]
, (73)
see Appendix A. In NETFD the time dependent Bogoliubov parameters induce the
thermal counter term.
As a simple extension of the thermal counter term for the neutral scalar field we
set
Qˆn =
∫
d3x
{
p¯iαa (x)i
˙¯nc(tx; |∇x|)
ωˆ∇x
T
αβ
0 pi
β
a (x)
+φ¯αa (x)i
˙¯nc(tx; |∇x|)
ωˆ∇x
T
αβ
0 (−∇
2
x +m
2)φβa(x)
}
, (74)
where ωˆ∇x means
√
∇2x +m
2 and ˙¯nc(tx; |∇x|) is a coefficient which consists of the
Bogoliubov parameters.
The time dependence of one of the Bogoliubov parameters is fixed by the self-
consistency renormalization condition with the thermal counter term, Qˆn
22. How-
ever, the complex scalar field depends on two Bogoliubov parameters, n+(t; |∇x|)
and n−(t; |∇x|). To fix all the Bogoliubov parameters, we introduce an additional
thermal counter term. The second line in Eq. (73) appears for the charged scalar
field, i.e. no such term for the neutral field. We introduce an additional counter
term for the second line in Eq. (73),
Qˆc = −
1
2
∫
d3x
{
φ¯αa (x)µ˙c(tx; |∇x|)T
αβ
0 pi
β
a (tx)
−p¯iαa (x)µ˙c(tx; |∇x|)T
αβ
0 φ
β
a (x)
}
, (75)
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where µ˙c(tx; |∇x|) is an coefficient which consists of the Bogoliubov parameters.
Thus the thermal counter term for the complex scalar field is given by
Qˆ = Qˆn + Qˆc
=
∫
d3x
[
p¯iαa (x)i
˙¯nc(tx; |∇x|)
ωˆ∇x
T
αβ
0 pi
β
a (x)
+φ¯αa (x)i
˙¯nc(tx; |∇x|)
ωˆ∇x
T
αβ
0 (−∇
2
x +m
2)φβa(x)
−
1
2
{
φ¯αa (x)µ˙c(tx; |∇x|)T
αβ
0 pi
β
a (tx)
−p¯iαa (x)µ˙c(tx; |∇x|)T
αβ
0 φ
β
a(x)
}]
. (76)
The unperturbed hat-Hamiltonian for the non-equilibrium complex scalar field,
HˆQ, is represented as
HˆQ = Hˆ0 − Qˆ
=
∫
d3x
[
p¯iαa (x)
(
1− i
˙¯nc(tx; |∇x|)
ωˆ∇x
T0
)αβ
piβa (x)
+φ¯αa (x)
(
1− i
˙¯nc(tx; |∇x|)
ωˆ∇x
T0
)αβ
(−∇2x +m
2)φβa (x)
+φ¯αa (x)
(
−iµ+
1
2
µ˙c(tx; |∇x|)T0
)αβ
piβa (x)
−p¯iαa (x)
(
−iµ+
1
2
µ˙c(tx; |∇x|)T0
)αβ
φβa (x)
]
. (77)
The time dependence of the field is described by the Heisenberg equations of
motion. Calculating the commutator between the unperturbed hat-Hamiltonian and
the field, we obtain
(∂tx − iµ)φ
α
a (x) =
(
1− i
˙¯nc(tx; |∇x|)
ωˆ∇x
T0
)αβ
piβa (x) −
1
2
µ˙c(tx; |∇x|)T
αβ
0 φ
β
a (x), (78)
(∂tx + iµ)φ¯
α
a (x) = p¯i
β
a (x)
(
1− i
˙¯nc(tx; |
←−
∇x|)
ωˆ←−
∇x
T0
)βα
+
1
2
µ˙c(tx; |∇x|)φ¯
β
a (x)T
βα
0 ,(79)
(∂tx − iµ)pi
α
a (x)
= −
(
1− i
˙¯nc(tx; |∇x|)
ωˆ∇x
T0
)αβ
(−∇2x +m
2)φβa (x)−
1
2
µ˙c(tx; |∇x|)T
αβ
0 pi
β
a (x), (80)
(∂tx + iµ)p¯i
α
a (x)
= −φ¯βa(x)
(
1− i
˙¯nc(tx; |
←−
∇x|)
ωˆ←−
∇x
T0
)βα
(−
←−
∇2x +m
2) +
1
2
µ˙c(tx; |∇x|)p¯i
β
a (x)T
βα
0 . (81)
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These equations should coincide with Eqs. (69)-(72). This condition fixes the coef-
ficient in the thermal counter term,
˙¯nc(tx; |∇x|) =
n˙+(tx; |∇x|) + n˙−(tx; |∇x|)
2
, (82)
µ˙c(tx; |∇x|) = n˙+(tx; |∇x|)− n˙−(tx; |∇x|). (83)
We notice that the chemical potential, µ˙c(tx; |∇x|) is given by the difference of the
Bogoliubov parameters for the positive and the negative frequency parts.
3. Self-Consistency Condition for the Complex Scalar Field
In this section we discuss the self-consistency renormalization condition for the
complex scalar field. For this purpose we evaluate the scalar propagator in NETFD.
The time evolution for the field is given by the hat-Hamiltonian, Hˆ . It is divided
into two parts,
Hˆ = Hˆ0 + Hˆint, (84)
where Hˆ0 and Hˆint represent the hat-Hamiltonian for a free complex scalar field
and the interaction part in equilibrium system, respectively.
Since the unperturbed hat-Hamiltonian for the field, φa, is not Hˆ0 but HˆQ in
non-equilibrium systems, we rearrange the hat-Hamiltonian (84) as
Hˆ = HˆQ + HˆI , (85)
where HˆI is the interaction hat-Hamiltonian in NETFD,
HˆI = Hˆint + Qˆ. (86)
The perturbative calculation should be accomplished by the unperturbed hat-
Hamiltonian, HˆQ, and the interaction hat-Hamiltonian, HˆI . As is shown in Ref. 1,
the interaction hat-Hamiltonian (86) satisfies the condition,
〈θ|HˆI = 0. (87)
In the interaction picture the full scalar propagator is given by
D
αβ
H (tx, ty,x− y) = 〈θ|T [φ
α
a (x)φ¯
β
a (y)u(∞,−∞)]|θ〉, (88)
where T denotes time-ordering operator and u(t, t′) is the time evolution operator,
u(t, t′) = exp
(
−i
∫ t
t′
dtsHˆI(ts)
)
. (89)
From Eq. (87) we find that the thermal vacuum, 〈θ|, is annihilated by the interaction
hat-Hamiltonian and satisfies,
〈θ|u(t, t′) = 〈θ|, (90)
which is necessary to adopt the Feynman diagram procedure1,24.
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Applying the thermal Bogoliubov transformation with Eq. (90), we rewrite the
thermal full propagator (88) as
D
αβ
H (tx, ty,x− y)
= B−1(n+(tx; |∇x|))
(
d11c,1(x, y) d
12
c,1(x, y)
0 d22c,1(x, y)
)
B(n+(ty ; |
←−
∇y|))
+B−1(n+(tx; |∇x|))
(
d11c,2(x, y) d
12
c,2(x, y)
d21c,2(x, y) 0
)
B−1(n−(ty; |
←−
∇y|))
T τ3
+τ3B(n−(tx; |∇x|))
T
(
0 d12c,3(x, y)
d21c,3(x, y) d
22
c,3(x, y)
)
B(n+(ty; |
←−
∇y|))
+τ3B(n−(tx; |∇x|))
T
(
d11c,4(x, y) 0
d21c,4(x, y) d
22
4 (x, y)
)
B−1(n−(ty; |
←−
∇y|))
T τ3, (91)
with
d
γ1γ2
c,1 (x, y) = θ(tx − ty)〈θ|φ
γ1
ξ,+(x)u(tx, ty)φ¯
γ2
ξ,−(y)u(ty,−∞)|θ〉
+θ(ty − tx)〈θ|φ¯
γ2
ξ,−(y)u(ty, tx)φ
γ1
ξ,+(x)u(tx,−∞)|θ〉, (92)
d
γ1γ2
c,2 (x, y) = θ(tx − ty)〈θ|φ
γ1
ξ,+(x)u(tx, ty){φ¯ξ,+(y)τ3}
γ2u(ty,−∞)|θ〉
+θ(ty − tx)〈θ|{φ¯ξ,+(y)τ3}
γ2u(ty, tx)φ
γ1
ξ,+(x)u(tx,−∞)|θ〉, (93)
d
γ1γ2
c,3 (x, y) = θ(tx − ty)〈θ|{τ3φξ,−(x)}
γ1u(tx, ty)φ¯
γ2
ξ,−(y)u(ty,−∞)|θ〉
+θ(ty − tx)〈θ|φ¯
γ2
ξ,−(y)u(ty, tx){τ3φξ,−(x)}
γ1u(tx,−∞)|θ〉, (94)
d
γ1γ2
c,4 (x, y) = θ(tx − ty)〈θ|{τ3φξ,−(x)}
γ1u(tx, ty){φ¯ξ,+(y)τ3}
γ2u(ty,−∞)|θ〉
+θ(ty − tx)〈θ|{φ¯ξ,+(y)τ3}
γ2u(ty, tx){τ3φξ,−(x)}
γ1u(tx,−∞)|θ〉, (95)
where φαξ,± and φ¯
α
ξ,± represent the positive and the negative frequency parts of
the complex scalar field (44) and (45). Only the diagonal elements in dγ1γ2c,1 and
d
γ1γ2
c,4 have non-vanishing values in the free propagator (B.3). Radiative corrections
generally induce all the elements in Eqs. (92)-(95).
The time evolution operator u(t, t′) is expanded perturbatively in terms of the
thermal counter term, Qˆ and the interaction part Hˆint. First we evaluate the con-
tribution in the leading order of the thermal counter term, Qˆ, at the tree level with
respect to Hˆint. Performing the thermal Bogoliubov transformations in Eq. (76),
we rewrite the thermal counter term, Qˆ, as
Qˆ = −i
∫
d3p
(2pi)3
{
n˙+(tx; p)ξ˜
†
pξ
†
p + n˙−(tx; p)η˜
†
pη
†
p
}
. (96)
Substituting Eq. (89) and Eq. (96) into Eq. (91), we obtain in the leading order of
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the thermal counter term, Qˆ,
〈θ|T [φαa (x)φ¯
β
a (y)u(∞,−∞)]|θ〉 − 〈θ|T [φ
α
a (x)φ¯
β
a (y)]|θ〉
=
∫
d3p
(2pi)3
1
2ωp
e−iω+,p(tx−ty)eip·(x−y)
×
(
θ(tx − ty)
∫ ty
−∞
dtsn˙+(ts; p) + θ(ty − tx)
∫ tx
−∞
dtsn˙+(ts; p)
)
×B−1(n+(tx; p))
(
0 1
0 0
)
B(n+(ty; p))
+
∫
d3p
(2pi)3
1
2ωp
eiω−,p(tx−ty)e−ip·(x−y)
×
(
θ(tx − ty)
∫ ty
−∞
dtsn˙−(ts; p) + θ(ty − tx)
∫ tx
−∞
dtsn˙−(ts; p)
)
× τ3B(n−(tx; p))
T
(
0 0
1 0
)
B−1(n−(ty ; p))
T τ3. (97)
These counter terms contribute d12c,1 and d
21
c,4 in Eq. (91).
Next we evaluate the contribution from the interaction, Hˆint. The contribution
to the perturbed propagator is represented as∫
d4z1d
4z2D
αγ1
0 (tx, tz1 ,x− z1)iΣ
γ1γ2(tz1 , tz2 , z1 − z2)D
γ2β
0 (tz2 , ty, z2 − y)
=
∫
dtz1dtz2
[
B−1(n+(tx; |∇x|))
αγ1δΣγ1γ2B,1 (x, z1, z2, y)B(n+(ty; |
←−
∇y|))
γ2β
+B−1(n+(tx; |∇x|))
αγ1δΣγ1γ2B,2 (x, z1, z2, y){B
−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1δΣγ1γ2B,3 (x, z1, z2, y)B(n+(ty; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1δΣγ1γ2B,4 (x, z1, z2, y){B
−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
]
, (98)
where Dαβ0 represents the free propagator (B.3) and
δΣγ1γ2B,1 (x, z1, z2, y) (99)
=
(
D110,R(x− z1)iΣR(tz1 , tz2 , z1 − z2)D
11
0,R(z2 − y) δΣ
12
B,1(x, z1, z2, y)
0 D220,R(x− z1)iΣA(tz1 , tz2 , z1 − z2)D
22
0,R(z2 − y)
)
,
δΣγ1γ2B,2 (x, z1, z2, y) (100)
=
(
δΣ11B,2(x, z1, z2, y) −D
11
0,R(x− z1)iΣR(tz1 , tz2 , z1 − z2)D
22
0,A(z2 − y)
−D220,R(x− z1)iΣA(tz1 , tz2 , z1 − z2)D
11
0,A(z2 − y) 0
)
,
δΣγ1γ2B,3 (x, z1, z2, y) (101)
=
(
0 −D110,A(x− z1)iΣA(tz1 , tz2 , z1 − z2)D
22
0,R(z2 − y)
−D220,A(x− z1)iΣR(tz1 , tz2 , z1 − z2)D
11
0,R(z2 − y) δΣ
44
B,3(x, z1, z2, y)
)
,
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δΣγ1γ2B,4 (x, z1, z2, y) (102)
=
(
D110,A(x− z1)iΣA(tz1 , tz2 , z1 − z2)D
11
0,A(z2 − y) 0
δΣ21B,4(x, z1, z2, y) D
22
0,A(x− z1)iΣR(tz1 , tz2 , z1 − z2)D
22
0,A(z2 − y)
)
,
with
δΣ12B,1(x, z1, z2, y)
= D110,R(x− z1)
{
iΣ12(tz1 , tz2 , z1 − z2) + iΣR(tz1 , tz2 , z1 − z2)n+(tz2 ; |
←−
∇z2 |)
−n+(tz1 ; |∇z1 |)iΣA(tz1 , tz2 , z1 − z2)
}
D220,R(z2 − y), (103)
δΣ11B,2(x, z1, z2, y)
= D110,R(x− z1)
{
iΣ11(tz1 , tz2 , z1 − z2) + iΣR(tz1 , tz2 , z1 − z2)n−(tz2 ; |
←−
∇z2 |)
+n+(tz1 ; |∇z1 |)iΣA(tz1 , tz2 , z1 − z2)
}
D110,A(z2 − y), (104)
δΣ44B,3(x, z1, z2, y)
= −D220,A(x− z1)
{
iΣ22(tz1 , tz2 , z1 − z2) + iΣR(tz1 , tz2 , z1 − z2)n+(tz2 ; |
←−
∇z2 |)
+n−(tz1 ; |∇z1 |)iΣA(tz1 , tz2 , z1 − z2)
}
D220,R(z2 − y), (105)
δΣ21B,4(x, z1, z2, y)
= D220,A(x− z1)
{
−iΣ21(tz1 , tz2 , z1 − z2)− iΣR(tz1 , tz2 , z1 − z2)n−(tz2 ; |
←−
∇z2 |)
+n−(tz1 ; |∇z1 |)iΣA(tz1 , tz2 , z1 − z2)
}
D110,A(z2 − y). (106)
The self-energy, Σαβ , has a 2× 2 matrix form in the thermal doublet notation. The
retarded and the advanced parts of the self-energy, ΣR and ΣA, are defined by
ΣR ≡ Σ
11 +Σ12 = Σ21 +Σ22, ΣA ≡ Σ
11 − Σ21 = Σ22 − Σ12. (107)
The first and the last terms in the right-hand side of Eq. (98) have the same Bo-
goliubov transformation structure as the first and the last terms in the right-hand
side of Eq. (97), respectively.
In Ref. 25 the self-consistency renormalization condition has been proposed for
a non-relativistic field by imposing 〈θ|ξfull,p(tx)ξ˜full,k(tx)|θ〉 = 0, where the sub-
script ”full” denotes the perturbed operator with all order of radiative corrections.
In Ref. 22 it has been shown that the self-consistency renormalization condition
induces the quantum Boltzmann equation for a neutral relativistic scalar field. The
self-consistency renormalization condition is naturally generalized for the complex
scalar field, 〈θ|ξfull,p(tx)ξ˜full,k(tx)|θ〉 = 0 and 〈θ|η˜full,p(tx)ηfull,k(tx)|θ〉 = 0. The
conditions fix the terms, d12c,1 and d
21
c,4 in Eq. (91).
a Thus we obtain integral equations
a Substituting the fields (44)-(45) and taking the equal time limit, we obtain
lim
tx→ty
d12c,1(x, y) = −
∫
d3p
(2pi)3
d3k
(2pi)3
1√
2ωp
1√
2ωk
eip·xe−ik·y〈θ|T [ξp(tx)ξ˜k(tx)u(∞,−∞)]|θ〉,
lim
tx→ty
d21c,4(x, y) = −
∫
d3p
(2pi)3
d3k
(2pi)3
1√
2ωp
1√
2ωk
e−ip·xeik·y〈θ|T [η˜p(tx)ηk(tx)u(∞,−∞)]|θ〉.
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for n˙±(t; p),∫ tx
−∞
dts
∫
d3p
(2pi)3
eip·(x−y)
1
2ωp
n˙+(ts; p) + lim
tx→ty
∫
dtz1dtz2δΣ
12
B,1(x, z1, z2, y) = 0,
(108)∫ tx
−∞
dts
∫
d3p
(2pi)3
e−ip·(x−y)
1
2ωp
n˙−(ts; p) + lim
tx→ty
∫
dtz1dtz2δΣ
21
B,4(x, z1, z2, y) = 0.
(109)
After the spatial Fourier transformation the self-consistency renormalization condi-
tions are rewritten in the t-representation. Acting the time derivative operator, ∂tx ,
on Eqs. (108) and (109), we find
n˙+(tx; p) = −2ωp∂tx
{
lim
tx→ty
∫
dtz1dtz2δΣ
12
B,1(tx, tz1 , tz2 , ty;p)
}
, (110)
n˙−(tx; p) = −2ωp∂tx
{
lim
tx→ty
∫
dtz1dtz2δΣ
21
B,4(tx, tz1 , tz2 , ty;p)
}
, (111)
where δΣB,1 and δΣB,4 are given by
δΣ12B,1(tx, tz1 , tz2 , ty;p)
= D110,R(tx − tz1 ;p)
{
iΣ12(tz1 , tz2 ;p) + n+(tz2 ; p) iΣR(tz1 , tz2 ;p)
−n+(tz1 ; p) iΣA(tz1 , tz2 ;p)
}
D220,R(tz2 − ty;p), (112)
δΣ21B,4(tx, tz1 , tz2 , ty;p)
= D220,A(tx − tz1 ;p)
{
−iΣ21(tz1 , tz2 ;p)− n−(tz2 ; p) iΣR(tz1 , tz2 ;p)
+n−(tz1 ; p) iΣA(tz1 , tz2 ;p)
}
D110,A(tz2 − ty;p). (113)
The equations (110) and (111) describe the time evolution of the thermal Bogoli-
ubov parameters, n±(tx; p). In a similar manner developed in Ref. 22 it can be
shown that the Bogoliubov parameters, n±(tx; p), for the complex scalar field cor-
respond to the particle and anti-particle number densities under the self-consistency
renormalization conditions (108) and (109).1,26,27 Thus Eqs. (110) and (111) give
the quantum Boltzmann equations for the charged Bosons.
4. Boltzmann Equation for the Complex Scalar Field
The time evolution equations for the Bogoliubov parameters (110) and (111) rep-
resent the transport equations for the number densities. In this section we discuss
the validity of the time evolution equation. For this purpose we perturbatively eval-
uate Eqs. (110) and (111) for interacting complex scalar field. One of the simplest
interactions is a four-point interaction between complex scalars. We start from the
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Hamiltonian with a λ(φ†aφa)
2 interaction,
H =
∫
d3x
[{
pi†a(x)pia(x) + φ
†
a(x)(−∇
2
x +m
2)φa(x)
}
−iµ
{
φ†a(x)pia(x)− pi
†
a(x)φa(x)
}
+
λ
4
φ†a(x)
2φa(x)
2
]
. (114)
In NETFD the Hamiltonian (114) is extended to the hat-Hamiltonian which is
defined by
Hˆ =
∫
d3x
[{
p¯iαa (x)pi
α
a (x) + φ¯
α
a (x)(−∇
2
x +m
2)φαa (x)
}
−iµ
{
φ¯αa (x)pi
α
a (x) − p¯i
α
a (x)φ
α
a (x)
}
+
2∑
γ=1
λγ
4
{
(φ¯a(x)τ3)
γφγa(x)
}2]
. (115)
Employing the Feynman rules, we calculate the off-diagonal elements (103) and
(106) in the self-energy. In the thermal doublet notation the propagator (B.8) is
assigned for an internal line as Dαβ0 τ
βγ
3 . For a vertex we assign, (−i)λ
α, which is
given by
(−i)λα = (−i)λ
(
1
−1
)
. (116)
Since the radiative correction for the propagator has no momentum transfer to
the internal line at the one-loop level, the self-energy has a diagonal form up to
the one-loop level. The time evolution of the thermal Bogoliubov parameter can be
induced from the 2-loop self-energy illustrated in Fig. 1. We compute the diagram
and find
iΣαβ(tz1 , tz2 ;p) =
1
2
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
(2pi)3δ(3)(p− k1 − k2 + k3)τ
αγ
3 (−i)λ
γ
×{D0(tz1 , tz2 ;k1)τ3}
γβ{D0(tz1 , tz2 ;k2)τ3}
γβ(−i)λβ{D0(tz2 , tz1 ;k3)τ3}
βγ. (117)
ᶉ3
ᶉ2
ᶉ1
ᶎ ᶎ
Fig. 1. 2-loop thermal self-energy in λ(φ†a)
2φ2a interaction model
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After the contraction of the index ”γ” Eq. (117) readsb
iΣαβ(tz1 , tz2 ;p) = −
λ2
2
2∑
i1=1
2∑
i2=1
2∑
i3=1
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
1
8ωk1ωk2ωk3
×(2pi)3δ(3)(p− k1 − k2 + k3)e
−i(EC,k1 ,i1+EC,k2,i2−EC,k3,i3)(tz1−tz2)
×
[
θ(tz1 − tz2)
(
F1(tz2 ; k1, k2, k3, i1, i2, i3) −F2(tz2 ; k1, k2, k3, i1, i2, i3)
F1(tz2 ; k1, k2, k3, i1, i2, i3) −F2(tz2 ; k1, k2, k3, i1, i2, i3)
)
+θ(tz2 − tz1)
(
F2(tz1 ; k1, k2, k3, i1, i2, i3) −F2(tz1 ; k1, k2, k3, i1, i2, i3)
F1(tz1 ; k1, k2, k3, i1, i2, i3) −F1(tz1 ; k1, k2, k3, i1, i2, i3)
)]
,(118)
where we write as
F1(t; k1, k2, k3, i1, i2, i3) ≡ f¯i1(t; k1)f¯i2(t; k2)fi3(t; k3), (119)
F2(t; k1, k2, k3, i1, i2, i3) ≡ fi1(t; k1)fi2(t; k2)f¯i3(t; k3), (120)
and
EC,q,1 ≡ ω+,q = ωq − µ, EC,q,2 ≡ −ω−,q = −ωq − µ, (121)
f1(t; q) ≡ n+(t; q), f2(t; q) ≡ 1 + n−(t; q), (122)
f¯1(t; q) ≡ 1 + n+(t; q), f¯2(t; q) ≡ n−(t; q). (123)
We substitute the self-energy (118) into Eqs. (110) and (111) and integrate over
the time variables. Taking the equal time limit, we obtain
lim
tx→ty
∫
dtz1dtz2δΣ
12
B,1(tx, tz1 , tz2 , ty;p)
=
∫ tx
−∞
dts
1
2ωp
λ2
2
2∑
i1=1
2∑
i2=1
2∑
i3=1
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
1
8ωpωk1ωk2ωk3
×
sin
{
(ω+,p − EC,k1,i1 − EC,k2,i2 + EC,k3,i3)(tx − ts)
}
ω+,p − EC,k1,i1 − EC,k2,i2 + EC,k3,i3
(2pi)3δ(3)(p− k1 − k2 + k3)
×
{
n+(ts; p)f¯i1(ts; k1)f¯i2(ts; k2)fi3(ts; k3)
−(1 + n+(ts; p))fi1(ts; k1)fi2(ts; k2)f¯i3(ts; k3)
}
, (124)
lim
tx→ty
∫
dtz1dtz2δΣ
21
B,4(tx, tz1 , tz2 , ty;p)
=
∫ tx
−∞
dts
1
2ωp
λ2
2
2∑
i1=1
2∑
i2=1
2∑
i3=1
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
1
8ωpωk1ωk2ωk3
×
sin
{
(ω−,p + EC,k1,i1 + EC,k2,i2 − EC,k3,i3)(tx − ts)
}
ω−,p + EC,k1,i1 + EC,k2,i2 − EC,k3,i3
(2pi)3δ(3)(p− k1 − k2 + k3)
×
{
n−(ts; p)fi1(ts; k1)fi2(ts; k2)f¯i3(ts; k3)
−(1 + n−(ts; p))f¯i1(ts; k1)f¯i2(ts; k2)fi3(ts; k3)
}
. (125)
bA simpler formalism is developed to calculate the self-energy in Refs. 28 and 29.
July 26, 2018 9:5 WSPC/INSTRUCTION FILE ws-ijmpa
18 Y. Mizutani and T. Inagaki
Though the chemical potential seems to contribute the frequency and the amplitude
of the time oscillation, Eq. (125) is independent on µ because of the relationship
(121).
Thus we find the time evolution equations (110) and (111) for the thermal Bo-
goliubov parameters of the complex scalar field,
n˙+(tx; p) = −
λ2
2
2∑
i1=1
2∑
i2=1
2∑
i3=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
1
8ωpωk1ωk2ωk3
×cos
{
(ωp − Ek1,i1 − Ek2,i2 + Ek3,i3)(tx − ts)
}
(2pi)3δ(3)(p− k1 − k2 + k3)
×
{
n+(ts; p)f¯i1(ts; k1)f¯i2(ts; k2)fi3(ts; k3)
−(1 + n+(ts; p))fi1(ts; k1)fi2(ts; k2)f¯i3(ts; k3)
}
, (126)
n˙−(tx; p) = −
λ2
2
2∑
i1=1
2∑
i2=1
2∑
i3=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
1
8ωpωk1ωk2ωk3
×cos
{
(ωp + Ek1,i1 + Ek2,i2 − Ek3,i3)(tx − ts)
}
(2pi)3δ(3)(p− k1 − k2 + k3)
×
{
n−(ts; p)fi1(ts; k1)fi2(ts; k2)f¯i3(ts; k3)
−(1 + n−(ts; p))f¯i1(ts; k1)f¯i2(ts; k2)fi3(ts; k3)
}
, (127)
where we use
Eq,1 ≡ ωq, Eq,2 ≡ −ωq. (128)
These equations describe the thermal evolution of the Bogoliubov parameters for the
complex scalar field with the λ(φ†aφa)
2 interaction. It has the consistent statistical
structure with the quantum Boltzmann equations for the two body charged Bose
particle scattering process.
5. Canonical Quantization for a Dirac Field
We quantize the Dirac field in a similar manner to that used for the complex scalar
field developed in the previous sections. Because it is easy to distinguish, we use
the same expressions for the Dirac field with those for the scalar field, for example,
the creation and annihilation operators, mass and so on.
We review the framework of NETFD for the Dirac field, simply. Ordinary and
tilde operators for the Dirac field obey the anticommutation rules,
{arp, a
r†
k } = {a˜
r
p, a˜
r†
k } = (2pi)
3δ(3)(p− k)δrs, (129)
{brp, b
s†
k } = {b˜
r
p, b˜
s†
k } = (2pi)
3δ(3)(p− k)δrs, (130)
where the subscripts r and s represent two-component spinors. All other anticom-
mutators vanish. We use the tilde conjugation rules given in Eqs. (4)-(7). For the
Dirac field it is convenient to use the thermal doublet notation defined by
as,αp =
(
asp
ia˜s†p
)
, a¯s,αp =
(
as†p −ia˜
s
p
)
. (131)
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It should be noted that the definition is different from Eq. (16).
Time-dependent thermal Bogoliubov transformations are introduced for each
operator with two independent thermal Bogoliubov parameters, n±(t; p),
ξs,αp (t) = B(n+(t; p))
αβas,βp (t), ξ¯
s,α
p (t) = a¯
s,β
p (t)B
−1(n+(t; p))
βα, (132)
ηs,αp (t) = B(n−(t; p))
αβbs,βp (t), η¯
s,α
p (t) = b¯
s,β
p (t)B
−1(n−(t; p))
βα, (133)
where the thermal Bogoliubov matrices are given by
B(n±) =
(
1− n± n±
−1 1
)
, (134)
B−1(n±) =
(
1 −n±
1 1− n±
)
. (135)
Here the thermal Bogoliubov parameters are assumed to be independent on the
spinor index, s. Thus the thermal Bogoliubov parameters depend only on time, t,
and the absolute value of the momentum, p, in the homogeneous and out of equi-
librium system. The transformed operators, ξsp and η
s
p, and their tilde conjugates,
ξ˜sp and η˜
s
p, obey the anticommutation relations,
{ξrp, ξ
r†
k } = {ξ˜
r
p, ξ˜
r†
k } = (2pi)
3δ(3)(p− k)δrs, (136)
{ηrp, η
s†
k } = {η˜
r
p, η˜
s†
k } = (2pi)
3δ(3)(p− k)δrs, (137)
with all other anticommutators vanish. The thermal vacuum, |θ〉, is defined to be
the state such that
ξsp|θ〉 = ξ˜
s
p|θ〉 = η
s
p|θ〉 = η˜
s
p|θ〉 = 0, (138)
〈θ|ξs†p = 〈θ|ξ˜
s†
p = 〈θ|η
s†
p = 〈θ|η˜
s†
p = 0. (139)
The thermal expectation value is obtained by the expectation value under the ther-
mal vacuum, |θ〉.
Below we quantize the Dirac field in the interaction picture. To keep the time
independence of the thermal vacuum, the Dirac field has to be decomposed as a
Hermitian form with the transformed operators,
ψξ(x) ≡
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξsp(tx)u
s(p)eip·x + ηs†p (tx)v
s(p)e−ip·x
}
, (140)
ψ¯ξ(x) ≡
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξs†p (tx)u¯
s(p)e−ip·x + ηsp(tx)v¯
s(p)eip·x
}
, (141)
with
ξsp(tx) = ξ
s
pe
−iω+,ptx , ξs†p (tx) = ξ
s†
p e
iω+,ptx , (142)
ηsp(tx) = η
s
pe
−iω−,ptx , ηs†p (tx) = η
s†
p e
iω−,ptx , (143)
and
ω+,p ≡ ωp − µ, (144)
ω−,p ≡ ωp + µ, (145)
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where ωp is the relativistic energy eigenvalue. The chemical potential, µ, is intro-
duced according to the discussion in Appendix A. The functions, us(p) and vs(p),
are the solutions of the Dirac equation with the positive and the negative frequency
parts, respectively. We write u¯s ≡ us†γ0 and v¯s ≡ vs†γ0. The eigenfunctions obey
(γ0ωp − γ · p−m)u
s(p) = 0, (146)
(−γ0ωp + γ · p−m)v
s(p) = 0, (147)
u¯s(p)(γ0ωp − γ · p−m) = 0, (148)
v¯s(p)(−γ0ωp + γ · p−m) = 0, (149)
and ∑
s
us(p)u¯s(p) = γ0ωp − γ · p+m, (150)
∑
s
vs(p)v¯s(p) = γ0ωp − γ · p−m. (151)
The tilde conjugate for the Dirac field is given by
ψ˜ξ(x) =
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξ˜sp(tx)u
s∗(p)e−ip·x + η˜s†p (tx)v
s∗(p)eip·x
}
, (152)
˜¯ψξ(x) =
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξ˜s†p (tx)u¯
s∗(p)eip·x + η˜sp(tx)v¯
s∗(p)e−ip·x
}
. (153)
The time dependence of the non-tilde and tilde operators is combined into the
thermal doublet notation,
ξs,αp (tx) = ξ
s,α
p e
−iω+,ptx , ξ¯s,αp (tx) = ξ¯
s,α
p e
iω+,ptx , (154)
ηs,αp (tx) = η
s,α
p e
−iω−,ptx , η¯s,αp (tx) = η¯
s,α
p e
iω−,ptx . (155)
The Dirac field is rewritten in the thermal doublet form,
ψαξ (x) ≡
∫
d3p
(2pi)3
1√
2ωp
∑
s
{(
ξsp(tx)
iξ˜s†p (tx)
)
us(p)eip·x +
(
ηs†p (tx)
iη˜sp(tx)
)
vs(p)e−ip·x
}
=
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξs,αp (tx)u
s(p)eip·x + (τ3η¯
s
p(tx)
T )αvs(p)e−ip·x
}
, (156)
ψ¯αξ (x) ≡
∫
d3p
(2pi)3
1√
2ωp
∑
s
{(
ξs†p (tx) −iξ˜
s
p(tx)
)
u¯s(p)e−ip·x
+
(
ηsp(tx) −iη
s†
p (tx)
)
v¯s(p)eip·x
}
=
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξ¯s,αp (tx)u¯
s(p)e−ip·x + (ηsp(tx)
T τ3)
αv¯s(p)eip·x
}
. (157)
These fields satisfy the equal-time anticommutation relations,
{ψ†αξ (t,x), ψ
β
ξ (t,y)} = δ
(3)(x− y)δαβ , (158)
where we write ψ†αξ ≡ ψ¯
α
ξ γ
0.
July 26, 2018 9:5 WSPC/INSTRUCTION FILE ws-ijmpa
Non-Equilibrium Thermo Field Dynamics for Relativistic Complex Scalar and Dirac Fields 21
Next we decompose the Dirac field in terms of the original operators, asp and
bsp. The time dependence of the original operators is fixed by the time evolution
equations for the transformed operators. The time derivatives of Eq. (154) give
∂txξ
s,α
p (tx) = −iω+,pξ
s,α
p (tx), (159)
∂tx ξ¯
s,α
p (tx) = iω+,pξ¯
s,α(tx). (160)
Applying the thermal Bogoliubov transformation (132) with Eqs. (159) and (160),
we obtain the time evolution equations for the original operators, as,αp (tx) and
a¯s,αp (tx),
∂txa
s,α
p (tx) = −i{ω+,p + in˙+(tx; p)T0}
αβas,βp (tx), (161)
∂tx a¯
s,α
p (tx) = a¯
s,β
p (tx)i{ω+,p + in˙+(tx; p)T0}
βα, (162)
where Tαβ0 is given by Eq. (53). Eqs. (161) and (162) indicate that the energy
eigenvalue for the operators, as,αp (tx) and a¯
s,α
p (tx), depends on the time derivative
of the thermal Bogoliubov parameter, n˙+(t; p). The solutions for these equations
are found to be
as,αp (tx) = exp
{
−i
∫ tx
−∞
dtsΩ+,p(ts)
}αβ
as,βp , (163)
a¯s,αp (tx) = a¯
s,β
p exp
{
i
∫ tx
−∞
dtsΩ+,p(ts)
}βα
, (164)
with
Ωαβ+,p(ts) ≡ ω+,pδ
αβ + in˙+(ts; p)T
αβ
0 . (165)
The time dependence of the operators, bs,αp (tx) and b¯
s,α
p (tx), is found from
Eq. (155). The equations of motion for ηs,αp (tx) and η¯
s,α
p (tx) are given by
∂txη
s,α(tx) = −iω−,pη
s,α(tx), (166)
∂tx η¯
s,α(tx) = iω−,pη¯
s,α(tx). (167)
Applying the thermal Bogoliubov transformation, we find the time evolution equa-
tions of the operators, bs,αp (tx) and b¯
s,α
p (tx),
∂txb
s,α
p (tx) = −i{ω−,p + in˙−(tx; p)T0}
αβbs,βp (tx), (168)
∂tx b¯
s,α
p (tx) = b¯
s,β
p (tx)i{ω−,p + in˙−(tx; p)T0}
βα. (169)
The solutions for these equations are represented as
bs,αp (tx) = exp
{
−i
∫ tx
−∞
dtsΩ−,p(ts)
}αβ
bs,βp , (170)
b¯s,αp (tx) = b¯
s,β
p exp
{
i
∫ tx
−∞
dtsΩ−,p(ts)
}βα
, (171)
where
Ωαβ−,p(ts) = ω−,pδ
αβ + in˙−(ts; p)T
αβ
0 . (172)
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Hence the Dirac field is decomposed in terms of the original operators,
ψαa (x) ≡
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
as,αp (tx)u
s(p)eip·x + (τ3b¯
s
p(tx)
T )αvs(p)e−ip·x
}
,
(173)
ψ¯αa (x) ≡
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
a¯s,αp (tx)u¯
s(p)e−ip·x + (bsp(tx)
T τ3)
αv¯s(p)eip·x
}
.
(174)
It is easy to find that these fields satisfy the equal-time anticommutation relations,
{ψ†αa (t,x), ψ
β
a (t,y)} = δ
(3)(x− y)δαβ , (175)
where we define ψ†αa ≡ ψ¯
α
a γ
0.
Time evolution of the Dirac field is generated by the hat-Hamiltonian (13). The
unperturbed hat-Hamiltonian, HˆQ, for the Dirac field, ψ
α
a and ψ¯
α
a , can be found
from the equations of motion for the Dirac field. Differentiating Eqs. (173) and (174)
with respect to time and using Eqs. (146)-(149), we derive the equations of motion
for the Dirac field,
iγ0∂txψ
α
a (x) = (−iγ · ∇x +m− µγ
0)ψαa (x)
+iγ0n˙+(tx; |∇x|)T
αβ
0 ψ
β
a,+(x)− iγ
0n˙−(tx; |∇x|)T
αβ
0 ψ
β
a,−(x), (176)
−i∂tx ψ¯
α
a (x)γ
0 = ψ¯αa (x)(iγ ·
←−
∇x +m− µγ
0)
+in˙+(tx; |∇x|)ψ¯
β
a,−(x)γ
0T
βα
0 − in˙−(tx; |∇x|)ψ¯
β
a,+(x)γ
0T
βα
0 , (177)
where ψαa,± and ψ¯
α
a,± describe the positive and the negative frequency parts of the
Dirac field (173) and (174), respectively.
The unperturbed hat-Hamiltonian in an equilibrium system for the Dirac field
at finite chemical potential is given by
Hˆ0 =
∫
d3xψ¯αa (x)
(
−iγ · ∇x +m− µγ
0
)
ψαa (x). (178)
We introduce the thermal counter term for the Dirac field in the following form,
Qˆ =
∫
d3x
[
−iψ¯αa (x)
˙¯nd(tx; |∇x|)
ωˆ∇x
(−iγ · ∇x +m)T
αβ
0 ψ
β
a (x)
−
i
2
ψ¯αa (x)µ˙d(tx; |∇x|)γ
0T
αβ
0 ψ
β
a (x)
]
. (179)
where ˙¯nd(tx; |∇x|) and µ˙d(tx; |∇x|) are the coefficients consist with the Bogoliubov
parameters, n+(tx; |∇x|) and n−(tx; |∇x|). The unperturbed hat-Hamiltonian for
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the non-equilibrium Dirac field, HˆQ, is defined by
HˆQ = Hˆ0 − Qˆ
=
∫
d3x
[
ψ¯αa (x)
(
1 + i
˙¯nd(tx; |∇x|)
ωˆ∇x
T0
)αβ
(−iγ · ∇x +m)ψ
β
a (x)
+ψ¯αa (x)γ
0
(
−µ+
i
2
µ˙d(tx; |∇x|)T0
)αβ
ψβa (x)
]
. (180)
The Heisenberg equations should reproduce the equations of motion (176) and (177).
This condition fixes two types of the coefficients, ˙¯nd(tx; |∇x|) and µ˙d(tx; |∇x|), in
the thermal counter term as
˙¯nd(tx; |∇x|) =
n˙+(tx; |∇x|) + n˙−(tx; |∇x|)
2
, (181)
µ˙d(tx; |∇x|) = n˙+(tx; |∇x|)− n˙−(tx; |∇x|). (182)
These equations have the same form with those for the charged scalar field (82) and
(83).
6. Self-Consistency Condition for the Dirac Field
In this section we introduce a self-consistency renormalization condition for the
Dirac field with an interaction, Hˆint. As is shown in the previous section, the un-
perturbed hat-Hamiltonian (180) contains the thermal counter term in NETFD.
In a similar manner with §3, the interaction hat-Hamiltonian, HˆI , is given by
Hˆint+ Qˆ. The perturbative calculation should be developed under the unperturbed
hat-Hamiltonian, HˆQ, with the interaction hat-Hamiltonian, HˆI .
6.1. The Bogoliubov Parameter and the Number Density
Following the procedure in Ref. 22, we show that the Bogoliubov parameters for
the Dirac field correspond to the number densities under the self-consistency renor-
malization conditions. In TFD the observable particle number densities are given
by the vacuum expectation values of the number operators,
(2pi)3δsrδ(3)(p− k)nH,+(t; p) = 〈θ|a
s†
full,p(t)a
r
full,k(t)|θ〉, (183)
(2pi)3δsrδ(3)(p− k)nH,−(t; p) = 〈θ|b
s†
full,p(t)b
r
full,k(t)|θ〉, (184)
where the lower index ”full” indicates the perturbed operators.
We define the Bogoliubov transformation for the perturbed operators,
ξ
s,α
full,p(t) = B(n+(t; p))
αβa
s,β
full,p(t), ξ¯
s,α
full,p(t) = a¯
s,β
full,p(t)B
−1(n+(t; p))
βα, (185)
η
s,α
full,p(t) = B(n−(t; p))
αβb
s,β
full,p(t), η¯
s,α
full,p(t) = b¯
s,β
full,p(t)B
−1(n−(t; p))
βα, (186)
with the Bogoliubov parameters, n±(t; p). From the condition, 〈θ|HˆI = 0, it is found
that the transformed operators, ξsfull(t) and ξ
s†
full(t), satisfy
〈θ|ξs†full,p(t) = 〈θ|ξ˜
s†
full,p(t) = 0, ξ
s
full,p(t)|θ〉 6= 0, ξ˜
s
full,p(t)|θ〉 6= 0. (187)
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Substituting Eqs. (185) and (187) into Eq. (183), we obtain
〈θ|as†full,p(t)a
r
full,k(t)|θ〉
= 〈θ|
{
iξ˜sfull,p(t) + (1− n+(t; p))ξ
s†
full,p(t)
}{
ξrfull,k(t)− in+(t; k)ξ˜
r†
full,k(t)
}
|θ〉
= i〈θ|ξ˜sfull,p(t)ξ
r
full,k(t)|θ〉+ n+(t; k)〈θ|ξ˜
s
full,p(t)ξ˜
r†
full,k(t)|θ〉. (188)
This equation implies
(2pi)3δsrδ(3)(p− k)
{
nH,+(t; p)− n+(t; p)
}
= i〈θ|ξ˜sfull,p(t)ξ
r
full,k(t)|θ〉. (189)
Thus the Bogoliubov parameter, n+(t; p), coincides with the number density,
nH,+(t; p), under the condition, 〈θ|ξ˜
s
full,p(t)ξ
r
full,k(t)|θ〉 = 0.
We also derive the condition for the antiparticle number density (184). The
operators, ηsfull,p(t) and η
s,†
full,p(t), satisfy
〈θ|ηs†full,p(t) = 〈θ|η˜
s†
full,p(t) = 0, η
s
full,p(t)|θ〉 6= 0, η˜
s
full,p(t)|θ〉 6= 0. (190)
In a similar manner to Eq. (188) we obtain
(2pi)3δsrδ(3)(p− k)
{
nH,−(t; p)− n−(t; p)
}
= i〈θ|η˜sfull,p(t)η
r
full,k(t)|θ〉. (191)
Therefore the Bogoliubov parameter, n−(t; p), also coincides with the anti-particle
number density, nH,−(t; p), under the condition, 〈θ|η˜
s
full,p(t)η
r
full,k(t)|θ〉 = 0. Thus
we impose the self-consistency renormalization conditions for the Dirac field,
〈θ|ξ˜sfull,p(t)ξ
r
full,k(t)|θ〉 = 0, (192)
〈θ|η˜sfull,p(t)η
r
full,k(t)|θ〉 = 0. (193)
6.2. Time Evolution for the Bogoliubov Parameters
The time evolution is derived from the self-consistency renormalization conditions.
Here we begin with the perturbative expansion for the full Dirac propagator in
NETFD. In the interaction picture the full Dirac propagator is written as
S
αβ
H (tx, ty,x− y) = 〈θ|T [ψ
α
a (x)ψ¯
β
a (y)u(∞,−∞)]|θ〉, (194)
where the operator u(t, t′) has the same form with Eq. (89). Applying the thermal
Bogoliubov transformation, the full propagator (194) is rewritten as
S
αβ
H (tx, ty,x− y)
= B−1(n+(tx; |∇x|))
(
s111 (x, y) s
12
1 (x, y)
0 s221 (x, y)
)
B(n+(ty; |
←−
∇y|))
+B−1(n+(tx; |∇x|))
(
s112 (x, y) s
12
2 (x, y)
s212 (x, y) 0
)
B−1(n−(ty; |
←−
∇y|))
T τ3
+τ3B(n−(tx; |∇x|))
T
(
0 s123 (x, y)
s213 (x, y) s
22
3 (x, y)
)
B(n+(ty; |
←−
∇y|))
+τ3B(n−(tx; |∇x|))
T
(
s114 (x, y) 0
s214 (x, y) s
22
4 (x, y)
)
B−1(n−(ty; |
←−
∇y|))
T τ3, (195)
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with
s
γ1γ2
1 (x, y) = θ(tx − ty)〈θ|ψ
γ1
ξ,+(x)u(tx, ty)ψ¯
γ2
ξ,−(y)u(ty,−∞)|θ〉
−θ(ty − tx)〈θ|ψ¯
γ2
ξ,−(y)u(ty, tx)ψ
γ1
ξ,+(x)u(tx,−∞)|θ〉, (196)
s
γ1γ2
2 (x, y) = θ(tx − ty)〈θ|ψ
γ1
ξ,+(x)u(tx, ty){ψ¯ξ,+(y)τ3}
γ2u(ty,−∞)|θ〉
−θ(ty − tx)〈θ|{ψ¯ξ,+(y)τ3}
γ2u(ty, tx)ψ
γ1
ξ,+(x)u(tx,−∞)|θ〉, (197)
s
γ1γ2
3 (x, y) = θ(tx − ty)〈θ|{τ3ψξ,−(x)}
γ1u(tx, ty)ψ¯
γ2
ξ,−(y)u(ty,−∞)|θ〉
−θ(ty − tx)〈θ|ψ¯
γ2
ξ,−(y)u(ty, tx){τ3ψξ,−(x)}
γ1u(tx,−∞)|θ〉, (198)
s
γ1γ2
4 (x, y) = θ(tx − ty)〈θ|{τ3ψξ,−(x)}
γ1u(tx, ty){ψ¯ξ,+(y)τ3}
γ2u(ty,−∞)|θ〉
−θ(ty − tx)〈θ|{ψ¯ξ,+(y)τ3}
γ2u(ty, tx){τ3ψξ,−(x)}
γ1u(tx,−∞)|θ〉, (199)
where ψαξ,± and ψ¯
α
ξ,± show the positive and the negative frequency parts of the Dirac
field, (156) and (157), respectively.
We expand the time evolution operator u(t, t′) in terms of the interaction hat-
Hamiltonian (86) and evaluate the propagator in the leading order of the thermal
counter term, Qˆ. After the Bogoliubov transformation the thermal counter term,
Qˆ, is written in terms of the transformed operators, ξsp and η
s
p,
Qˆ = −
∫
d3p
(2pi)3
∑
s
{
n˙+(tx; p)ξ
s†
p ξ˜
s†
p − n˙−(tx; p)η˜
s†
p η
s†
p
}
. (200)
Substituting Eq. (200) with Eq. (89) into Eq. (195) and dropping the higher order
corrections, we obtain
〈θ|T [ψαa (x)ψ¯
β
a (y)u(∞,−∞)]|θ〉 − 〈θ|T [ψ
α
a (x)ψ¯
β
a (y)]|θ〉
=
∫
d3p
(2pi)3
ωpγ
0 − p · γ +m
2ωp
e−iω+,p(tx−ty)eip·(x−y)
×
(
θ(tx − ty)
∫ ty
−∞
dts(−1)n˙+(ts; p) + θ(ty − tx)
∫ tx
−∞
dts(−1)n˙+(ts; p)
)
×B−1(n+(tx; p))
(
0 1
0 0
)
B(n+(ty; p))
+
∫
d3p
(2pi)3
ωpγ
0 + p · γ −m
2ωp
eiω−,p(tx−ty)e−ip·(x−y)
×
(
θ(tx − ty)
∫ ty
−∞
dtsn˙−(ts; p) + θ(ty − tx)
∫ tx
−∞
dtsn˙−(ts; p)
)
× τ3B(n−(tx; p))
T
(
0 0
1 0
)
B−1(n−(ty; p))
T τ3. (201)
A finite correction appears for s121 and s
21
4 in Eq. (195).
Next we consider the radiative correction from the interaction, Hˆint. At the
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leading order it is represented as∫
d4z1d
4z2 S
αγ1
0 (tx, tz1 ,x− z1)(−i)Σ
γ1γ2(tz1 , tz2 , z1 − z2)S
γ2β
0 (tz2 , ty, z2 − y)
=
∫
d4z1d
4z2
[
B−1(n+(tx; |∇x|))
αγ1δΣγ1γ2F,1 (x, z1, z2, y)B(n+(ty; |
←−
∇y|))
γ2β
+B−1(n+(tx; |∇x|))
αγ1δΣγ1γ2F,2 (x, z1, z2, y){B
−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1δΣγ1γ2F,3 (x, z1, z2, y)B(n+(ty; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1δΣγ1γ2F,4 (x, z1, z2, y){B
−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
]
, (202)
with
δΣγ1γ2F,1 (x, z1, z2, y) (203)
=
(
S110,R(x− z1)(−i)ΣR(tz1 , tz2 , z1 − z2)S
11
0,R(tz2 − ty) δΣ
12
F,1(x, z1, z2, y)
0 S220,R(x− z1)(−i)ΣA(tz1 , tz2 , z1 − z2)S
22
0,R(z2 − y)
)
,
δΣγ1γ2F,2 (x, z1, z2, y) (204)
=
(
δΣ11F,2(x, z1, z2, y) S
11
0,R(x− z1)iΣR(tz1 , tz2 , z1 − z2)S
22
0,A(z2 − y)
S220,R(x− z1)iΣA(tz1 , tz2 , z1 − z2)S
11
0,A(z2 − y) 0
)
,
δΣγ1γ2F,3 (x, z1, z2, y) (205)
=
(
0 S110,A(x− z1)iΣA(tz1 , tz2 , z1 − z2)S
22
0,R(z2 − y)
S220,A(x− z1)iΣR(tz1 , tz2 , z1 − z2)S
11
0,R(z2 − y) δΣ
22
F,3(x, z1, z2, y)
)
,
δΣγ1γ2F,4 (x, z1, z2, y) (206)
=
(
S110,A(x− z1)(−i)ΣA(tz1 , tz2 , z1 − z2)S
11
0,A(z2 − y) 0
δΣ21F,4(x, z1, z2, y) S
22
0,A(x− z1)(−i)ΣA(tz1 , tz2 , z1 − z2)S
22
0,A(z2 − y)
)
,
where Sαβ0 is the free propagator given by (C.3) and
δΣ12F,1(x, z1, z2, y)
= S110,R(x − z1)
{
−iΣ12(tz1 , tz2 , z1 − z2)− (−i)ΣR(tz1 , tz2 , z1 − z2)n+(tz2 ; |
←−
∇z2 |)
+n+(tz1 ; |∇z1 |)(−i)ΣA(tz1 , tz2 , z1 − z2)
}
S220,R(z2 − y), (207)
δΣ11F,2(x, z1, z2, y)
= S110,R(x − z1)
{
−iΣ11(tz1 , tz2 , z1 − z2) + iΣR(tz1 , tz2 , z1 − z2)n−(tz2 ; |
←−
∇z2 |)
+n+(tz1 ; |∇z1 |)iΣA(tz1 , tz2 , z1 − z2)
}
S110,A(z2 − y), (208)
δΣ22F,3(x, z1, z2, y)
= S220,A(x− z1)
{
iΣ22(tz1 , tz2 , z1 − z2) + (−i)ΣR(tz1 , tz2 , z1 − z2)n+(tz2 ; |
←−
∇z2 |)
+n−(tz1 ; |∇z1 |)(−i)ΣA(tz1 , tz2 , z1 − z2)
}
S220,R(z2 − y), (209)
δΣ21F,4(x, z1, z2, y)
= S220,A(x− z1)
{
iΣ21(tz1 , tz2 , z1 − z2) + (−i)ΣR(tz1 , tz2 , z1 − z2)n−(tz2 ; |
←−
∇z2 |)
−n−(tz1 ; |∇z1 |)(−i)ΣA(tz1 , tz2 , z1 − z2)
}
S110,A(z2 − y). (210)
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The retarded and the advanced parts, ΣR and ΣA, are defined by
ΣR ≡ Σ
11 +Σ12 = Σ21 +Σ22, ΣA ≡ Σ
11 − Σ21 = Σ22 − Σ12. (211)
The self-consistency renormalization conditions, 〈θ|ξ˜sfull,p(tx)ξ
r
full,k(tx)|θ〉 = 0
and 〈θ|η˜sfull,p(tx)η
r
full,k(tx)|θ〉 = 0, can be satisfied by fixing the terms, s
12
1 and s
21
4
in Eq. (195) at the equal time limit.c From Eqs. (201) and (202) we can find the
self-consistency renormalization conditions for the Dirac field,∫ tx
−∞
dts
∫
d3p
(2pi)3
ωpγ
0 − p · γ +m
2ωp
eip·(x−y)(−1)n˙+(ts; p)
+ lim
tx→ty
∫
d4z1d
4z2δΣ
12
F,1(x, z1, z2, y) = 0, (212)∫ tx
−∞
dts
∫
d3p
(2pi)3
ωpγ
0 + p · γ −m
2ωp
e−ip·(x−y)n˙−(ts; p)
+ lim
tx→ty
∫
d4z1d
4z2δΣ
21
F,4(x, z1, z2, y) = 0. (213)
The t-representation is more convenient in practical calculations. Performing the
spatial Fourier transformation and acting the time differential operator, ∂tx , on
Eqs. (212) and (213), we obtain
ωpγ
0 − p · γ +m
2ωp
n˙+(tx; p) = ∂tx lim
tx→ty
∫
dtz1dtz2δΣ
12
F,1(tx, tz1 , tz2 , ty;p) = 0,
(214)
ωpγ
0 + p · γ −m
2ωp
n˙−(tx; p) = −∂tx lim
tx→ty
∫
dtz1dtz2δΣ
21
F,4(tx, tz1 , tz2 , ty;p) = 0,
(215)
with
δΣ12F,1(tx, tz1 , tz2 , ty;p)
= S110,R(tx − tz1 ;p)
{
−iΣ12(tz1 , tz2 ;p)− n+(tz2 ; p)(−i)ΣR(tz1 , tz2 ;p)
+n+(tz1 ; p)(−i)ΣA(tz1 , tz2 ;p)
}
S220,R(tz2 − ty;p), (216)
c Substituting the fields (156)-(157) and taking the equal time limit, we obtain
lim
tx→ty
s121 (x, y) = −i
∫
d3p
(2pi)3
d3k
(2pi)3
1√
2ωp
1√
2ωk
∑
s
∑
r
us(p)u¯r(k)eip·xe−ik·y
×〈θ|T [ξsp(tx)ξ˜rk(tx)u(∞,−∞)]|θ〉,
lim
tx→ty
s214 (x, y) = −i
∫
d3p
(2pi)3
d3k
(2pi)3
1√
2ωp
1√
2ωk
∑
s
∑
r
vs(p)v¯r(k)e−ip·xeik·y
×〈θ|T [η˜sp(tx)ηrk(tx)u(∞,−∞)]|θ〉.
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δΣ21F,4(tx, tz1 , tz2 , ty;p)
= S220,A(tx − tz1 ;p)
{
iΣ21(tz1 , tz2 ;p) + n−(tz2 ; p)(−i)ΣR(tz1 , tz2 ;p)
−n−(tz1 ; p)(−i)ΣA(tz1 , tz2 ;p)
}
S110,A(tz2 − ty;p). (217)
As is shown in §6.1, the Bogoliubov parameters, n±(tx; p), under the self-consistency
renormalization conditions (214) and (215) correspond to the particle and antipar-
ticle number densities. Thus we conclude that the time evolution for the particle
and anti-particle number densities is described by Eqs. (214) and (215).
7. Boltzmann Equation for the Scalar and the Dirac Fields
Here we consider a Yukawa type interaction between neutral scalar and Dirac fields.
To show the validity of the time evolution equations (214) and (215). The time
evolution of the thermal Bogoliubov parameters is studied for the scalar and the
Dirac fields. We start from the Hamiltonian,
H =
∫
d3x
[
ψ¯a(x)(−iγ · ∇x +mF − µγ
0)ψa(x)
+
1
2
{pia(x)
2 + φa(x)(−∇
2
x +m
2
B)φa(x)} + gψ¯a(x)ψa(x)φa(x)
]
, (218)
where φa describe the neutral scalar field and g is the Yukawa coupling constant. In
this section all the quantities with subscripts B and F represent ones for the scalar
and the Dirac fields, respectively. In NETFD the Hamiltonian (218) is extended to
the hat-Hamiltonian (13),
Hˆ =
∫
d3x
[
ψ¯αa (x)(−iγ · ∇x +mF − µγ
0)ψαa (x)
+
1
2
{
p¯iαa (x)pi
α
a (x) + φ¯
α
a (x)(−∇
2
x +m
2
B)φ
α
a (x)
}
+
2∑
γ=1
gγ{ψ¯a(x)τ3}
γψγa (x)φ
γ
a(x)
]
, (219)
where the neutral scalar field in the thermal doublet notation, φαa and φ¯
α
a , and their
canonical conjugate, piαa and p¯i
α
a , are given in Ref. 22.
In Feynman diagrams the thermal propagator, Sαβ0 τ
βγ
3 , is assigned to the inter-
nal fermion lines. (See Appendix C.) The free thermal propagator for the neutral
scalar field is given by22
D
αβ
0 (tx, ty;p) = B
−1(nB(tx; p))
αγ1D
γ1γ2
0,R (tx − ty;p)B(nB(ty; p))
γ2β
+{τ3B(nB(tx; p))
T }αγ1Dγ1γ20,A (tx − ty;p){B
−1(nB(ty ; p))
T τ3}
γ2β , (220)
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where we write
D110,R(tx − ty;p) = θ(tx − ty)
1
2ωp
e−iωp(tx−ty), (221)
D220,R(tx − ty;p) = −θ(ty − tx)
1
2ωp
e−iωp(tx−ty), (222)
D110,A(tx − ty;p) = θ(ty − tx)
1
2ωp
eiωp(tx−ty), (223)
D220,A(x− y) = −θ(tx − ty)
1
2ωp
eiωp(tx−ty), (224)
other components = 0.
We assign Dαβ0 τ
βγ
3 on the internal scalar lines. The Feynman rule for the vertex is
given by,
(−i)gγ = (−i)g
(
1
−1
)
, (225)
where γ denotes the thermal index.
We evaluate the time evolution equation for the Bogoliubov parameters at the
1-loop level. The self-energy for the neutral scalar field is illustrated in Fig. 2(a). It
is calculated as
iΣαβB (tz1 , tz2 ;p) =
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
× (−1)ταγ3 tr
[
(−i)gγ{S0(tz1 , tz2 ;k1)τ3}
γβ(−i)gβ{S0(tz2 , tz1 ;k2)τ3}
βγ
]
,(226)
where tr[· · · ] shows trace manipulation on the spinor indices. Contracting the ther-
ᶎ ᶎ
ᶎ ᶎ
ᶉ1
ᶉ2 ᶉ1
ᶉ2
(a) (b)
Fig. 2. 1-loop thermal self-energy derived three point scalar interaction model
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mal index ”γ”, we obtain
iΣαβB (tz1 , tz2 ;p) = −g
2
2∑
i1=1
2∑
i2=1
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
×
EF,k1,i1EF,k2,i2 − k1 · k2 +m
2
F
EF,k1,i1EF,k2,i2
e−i(EC,k1,i1−EC,k2,i2 )(tz1−tz2)
×
[
θ(tz1 − tz2)
(
f¯F,i1(tz2 ; k1)fF,i2(tz2 ; k2) −fF,i1(tz2 ; k1)f¯F,i2(tz2 ; k2)
f¯F,i1(tz2 ; k1)fF,i2(tz2 ; k2) −fF,i1(tz2 ; k1)f¯F,i2(tz2 ; k2)
)
+θ(tz2 − tz1)
(
fF,i1(tz1 ; k1)f¯F,i2(tz1 ; k2) −fF,i1(tz1 ; k1)f¯F,i2(tz1 ; k2)
f¯F,i1(tz1 ; k1)fF,i2(tz1 ; k2) −f¯F,i1(tz1 ; k1)fF,i2(tz1 ; k2)
)]
, (227)
where we set
EF,q,1 ≡ ωF,q, EF,q,2 ≡ −ωF,q, (228)
EC,q,1 ≡ ω+,q = ωF,q − µ, EC,q,2 ≡ −ω−,q = −ωF,q − µ, (229)
fF,1(t; q) ≡ n+(t; q), fF,2(t; q) ≡ 1− n−(t; q), (230)
f¯F,1(t; q) ≡ 1− n+(t; q), f¯F,2(t; q) ≡ n−(t; q). (231)
It is found that the chemical potential is canceled out from the exponent in
Eq. (227).
The time evolution equation for the Bose particle is derived from the self-
consistency renormalization condition for the neutral scalar field22. It is given by
n˙B(tx; p) = −2ωp∂tx
[
lim
tx→ty
∫
dtz1dtz2D
11
0,R(tx − tz1 ;p)
{
iΣ12(tz1 , tz2 ;p)
+nB(tz2 ; p)iΣR(tz1 , tz2 ;p)− nB(tz1 ; p)iΣA(tz1 , tz2 ;p)
}
D220,R(tz2 − ty;p)
]
.(232)
Inserting the components of the propagator (221), (222) and the 1-loop quantum
correction (227) into Eq. (232), we obtain
n˙B(tx; p) = −g
2
2∑
i1=1
2∑
i2=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
×
EF,k1,i1EF,k2,i2 − k1 · k2 +m
2
F
ωB,pEF,k1,i1EF,k2,i2
cos {(ωB,p − EF,k1,i1 + EF,k2,i2)(tx − ts)}
×
{
nB(ts; p)f¯F,i1(ts; k1)fF,i2(ts; k2)− (1 + nB(ts; p))fF,i1(ts; k1)f¯F,i2(ts; k2)
}
.
(233)
This equation has the consistent statistical structure with the quantum Boltzmann
equation.
At 1-loop the thermal self-energy for the Dirac field, Fig. 2(b), is given by
−iΣαβF (tz1 , tz2 ;p) =
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
× ταγ3 (−i)g
γ{S0(tz1 , tz2 ;k1)τ3}
γβ(−i)gβ{D0(tz2 , tz1 ;k2)τ3}
βγ. (234)
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Substituting the free propagators (B.8) and (C.8) and contracting the thermal index
”γ”, it is found to be
−iΣαβF (tz1 , tz2 ;p) = −g
2
2∑
i1=1
2∑
i2=1
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
×
EF,k1,i1γ
0 − k1 · γ +mF
4EF,k1,i1ωB,k2
e−i(EC,k1,i1−EB,k2,i2 )(tz1−tz2)
×
[
θ(tz1 − tz2)
(
f¯F,i1(tz2 ; k1)fB,i2(tz2 ; k2) fF,i1(tz2 ; k1)f¯B,i2(tz2 ; k2)
f¯F,i1(tz2k1)fB,i2(tz2 ; k2) fF,i1(tz2 ; k1)f¯B,i2(tz2 ; k2)
)
+θ(tz2 − tz1)
(
−fF,i1(tz1 ; k1)f¯B,i2(tz1 ; k2) fF,i1(tz1 ; k1)f¯B,i2(tz1 ; k2)
f¯F,i1(tz1 ; k1)fB,i2(tz1 ; k2) −f¯F,i1(tz1 ; k1)fB,i2(tz1 ; k2)
)]
,
(235)
where we write
EB,q,1 ≡ ωB,q, EB,q,2 ≡ −ωB,q, (236)
fB,1(t; q) ≡ nB(t; q), fB,2(t; q) ≡ 1 + nB(t; q), (237)
f¯B,1(t; q) ≡ 1 + nB(t; q), f¯B,2(t; q) ≡ nB(t; q). (238)
We substitute the self-energy (235) into Eqs. (214)-(215) and integrate over the
time variables. After taking the equal time limit, we find
lim
tx→ty
∫
dtz1dtz2δΣ
12
F,1(tx, tz1 , tz2 , ty;p)
= g2
2∑
i1=1
2∑
i2=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
ωF,pγ
0 − p · γ +mF
2ωF,p
×
ωF,pEF,k1,i1 − p · k1 +m
2
F
2ωF,pEF,k1,i1ωB,k2
sin{(ω+,p − EC,k1,i1 + EB,k2,i2)(tx − ts)}
ω+,p − EC,k1,i1 + EB,k2,i2
×
{
(1− n+(ts; p))fF,i1(ts; k1)f¯B,i2(ts; k2)− n+(ts; p)f¯F,i1(ts; k1)fB,i2(ts; k2)
}
,
(239)
lim
tx→ty
∫
dtz1dtz2δΣ
21
F,4(tx, tz1 , tz2 , ty;p)
= −g2
2∑
i1=1
2∑
i2=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
ωF,pγ
0 + p · γ −mF
2ωF,p
×
ωF,pEF,k1,i1 + p · k1 −m
2
F
2ωF,pEF,k1,i1ωB,k2
sin{(ω−,p + EC,k1,i1 − EB,k2,i2)(tx − ts)}
ω−,p + EC,k1,i1 − EB,k2,i2
×
{
n−(ts; p)fF,i1(ts; k1)f¯B,i2(ts; k2)− (1 − n−(ts; p))f¯F,i1(ts; k1)fB,i2(ts; k2)
}
.
(240)
Due to the relationship (229), these equations are independent on µ. We insert
Eqs. (239)-(240) into Eqs. (214)-(215), and find the time evolution equations for
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the Fermi particle and anti-particle number densities,
n˙+(tx; p) = g
2
2∑
i1=1
2∑
i2=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
×
ωF,pEF,k1,i1 − p · k1 +m
2
F
2ωF,pEF,k1,i1ωB,k2
cos{(ωF,p − EF,k1,i1 + EB,k2,i2)(tx − ts)}
×
{
(1− n+(ts; p))fF,i1(ts; k1)f¯B,i2(ts; k2)− n+(ts; p)f¯F,i1(ts; k1)fB,i2(ts; k2)
}
,
(241)
n˙−(tx; p) = −g
2
2∑
i1=1
2∑
i2=1
∫ tx
−∞
dts
∫
d3k1
(2pi)3
d3k2
(2pi)3
(2pi)3δ(3)(p− k1 + k2)
×
ωF,pEF,k1,i1 + p · k1 −m
2
F
2ωF,pEF,k1,i1ωB,k2
cos{(ωF,p + EF,k1,i1 − EB,k2,i2)(tx − ts)}
×
{
n−(ts; p)fF,i1(ts; k1)f¯B,i2(ts; k2)− (1− n−(ts; p))f¯F,i1(ts; k1)fB,i2(ts; k2)
}
.
(242)
The last lines in Eqs. (241) and (242) have the consistent forms with the collision
term in the quantum Boltzmann equations.
8. Conclusion
The relativistic complex scalar and Dirac fields have been discussed at finite chem-
ical potential in NETFD. The thermal degree of freedom is introduced through the
Bogoliubov transformation. The fields are decomposed in terms of the Bogoliubov
transformed operators, ξp and ηp, with Hermitian energy eigenvalues. The time de-
pendent Bogoliubov transformation modifies the unperturbed hat-Hamiltonian and
induces the thermal counter term. The self-consistency renormalization condition
has been generalized for the complex scalar and the Dirac fields. Imposing the self-
consistency renormalization condition, we obtain the quantum Boltzmann equations
at the leading order. A contribution beyond the quantum Boltzmann equation may
appear from the higher order.
In Ref. 23 the construction of a relativistic Dirac field in NETFD has not been
accomplished by straightforward extending for the non-relativistic fields. In our
formalism the time dependence of the particle and the anti-particle is independently
fixed. As is mentioned in Ref. 23, the charge conjugation invariance can be broken.
Hence we introduce the time dependent chemical potential, µ, and successfully
quantize.
There are some alternative methods to derive the quantum Boltzmann equa-
tion. In Ref. 30 the quantum Boltzmann equation for a relativistic neutral scalar
field has been derived from the Schwinger-Dyson equation in NETFD. The thermal
propagator in an equilibrium system has been simply extended to the one with the
time dependent particle number density. The full propagator has been calculated
based on the extension with the same diagram in an equilibrium system. In this
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paper the thermal propagators are derived as an expectation value of the compos-
ite operators constructed by two fields, (B.1) and (C.1). This procedure based on
the canonical quantization is more fundamental and essential in NETFD. It is now
possible to approach high energy non-equilibrium phenomena in NETFD starting
from the Schwinger-Dyson equation and the canonical quantization.
There are some remaining problems. In this paper we assume that the energy
eigenvalues for the Bogoliubov transformed free fields are independent on time vari-
able. However, the time dependence for the eigenvalue is induced thought quantum
corrections in an out of equilibrium system. We have to generalize the procedure
with the time dependent energy eigenvalue at higher order. Here the thermal Bogoli-
ubov parameters for the Dirac field are represented as spin independent quantities.
It is necessary to extend the parameters as a spinor dependent ones for a helicity
dependent configuration.
A symmetry behavior is one of the most important problem in non-equilibrium
phenomena of relativistic quark matter. It is investigated by observing an order
parameter which is described as an expectation value of fields. Since we directly
evaluate the expectation value of fields in NETFD, the procedure developed here
expected to be useful for calculating the order parameter which determines the
symmetry breaking.
It is also interesting to apply the procedure to the early stage evolution in
heavy ion collisions. For this purpose we should consider a spatially inhomogeneous
state. In Refs. 20 and 21 spatially inhomogeneous states have been studied for
the cold atom system according to the Bogoliubov-de Gennes (BdG) method in
NETFD. The field is expanded by a complete set of wave functions under the
spatially inhomogeneous potential. To apply the BdG method, it is necessary to
impose the field obeys the canonical (anti-)commutation relation. It is expected that
the procedure developed in this paper is applicable to the spatially inhomogeneous
system.
We hope to solve these problems and report the result in future.
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Appendix A. Finite Chemical Potential in TFD
We discuss a chemical potential, µ, for complex scalar and Dirac fields in TFD. At
µ = 0 a free hat-Hamiltonian for complex scalar field is given by
Hˆ0|µ=0 =
∫
d3x
{
p¯iαa (x)pi
α
a (x) + φ¯
α
a (x)(−∇
2
x +m
2)φαa (x)
}
. (A.1)
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The complex scalar field is decomposed as
φαa (x) =
∫
d3p
(2pi)3
1√
2ωp
{
aαp (tx)e
ip·x + (τ3b¯p(tx)
T )αe−ip·x
}
, (A.2)
φ¯αa (x) =
∫
d3p
(2pi)3
1√
2ωp
{
a¯αp (tx)e
−ip·x + (bp(tx)
T τ3)
αeip·x
}
, (A.3)
and
piαa (x) = (−i)
∫
d3p
(2pi)3
√
ωp
2
{
aαp (tx)e
ip·x − (τ3b¯p(tx)
T )αe−ip·x
}
, (A.4)
p¯iαa (x) = (−i)
∫
d3p
(2pi)3
√
ωp
2
{
−a¯αp (tx)e
−ip·x + (bp(tx)
T τ3)
αeip·x
}
, (A.5)
with the following time dependence,
aαp (tx) = a
α
p e
−iωptx , a¯αp (tx) = a¯
α
p e
iωptx , (A.6)
bαp (tx) = b
α
p e
−iωptx , b¯αp (tx) = b¯
α
p e
iωptx . (A.7)
The canonical commutation relations are given by
[φαa (t,x), p¯i
β
a (t,y)] = [φ¯
α
a (t,x), pi
β
a (t,y)] = iδ
(3)(x− y)δαβ . (A.8)
In TFD a conserved charge, Qˆconsv, i.e. the zeroth component of the Noether
current, is represented as
Qˆconsv = i
∫
d3x
{
φ¯αa (x)pi
α
a (x)− p¯i
α
a (x)φ
α
a (x)
}
. (A.9)
The chemical potential, µ, can be introduced for this conserved charge. Thus the
free hat-Hamiltonian (A.1) is modified as
Hˆ0 = Hˆ0|µ=0 − µQˆconsv
=
∫
d3x
[
p¯iαa (x)pi
α
a (x) + φ¯
α
a (x)(−∇
2
x +m
2)φαa (x)
−iµ
{
φ¯αa (x)pi
α
a (x)− p¯i
α
a (x)φ
α
a (x)
}]
. (A.10)
It should be noticed that the conserved charge, Qˆconsv, commutes with the hat-
Hamiltonian, Hˆ |µ=0. It means that time evolution by the finite chemical potential is
independent on that by Hˆ |µ=0. Then the time dependence of the ordinary operators
for the complex scalar field (A.2)-(A.5) is modified as
aαp (tx) = e
iHˆ0txaαp (0)e
−iHˆ0tx = aαp e
−iω+,ptx , (A.11)
a¯αp (tx) = e
iHˆ0tx a¯αp (0)e
−iHˆ0tx = a¯αp e
iω+,ptx , (A.12)
bαp (tx) = e
iHˆ0txbαp (0)e
−iHˆ0tx = bαp e
−iω−,ptx , (A.13)
b¯αp (tx) = e
iHˆ0tx b¯αp (0)e
−iHˆ0tx = b¯αp e
iω−,ptx , (A.14)
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where we set
ω+,p = ωp − µ, (A.15)
ω−,p = ωp + µ. (A.16)
We replace the operators (A.6) and (A.7) to (A.11)-(A.14), respectively. The com-
plex scalar field (A.2)-(A.5) with the operators (A.11)-(A.14) satisfies the canonical
commutation relations (A.8). The time evolution equations of the fields (A.2)-(A.5)
are obtained by the Heisenberg equations.
In the equilibrium system the thermal Bogoliubov transformations are defined
by
ξαp (t) = B(n+(p))
αβaβp (t), ξ¯
α
p (t) = a¯
β
p (t)B
−1(n+(p))
βα, (A.17)
ηαp (t) = B(n−(p))
αβbβp (t), η¯
α
p (t) = b¯
β
p (t)B
−1(n−(p))
βα, (A.18)
where the thermal Bogoliubov matrices, B and B−1, are given by Eqs. (17) and (18).
In the equilibrium system the thermal Bogoliubov parameters, n±(p), for the scalar
field represent the time independent particle and anti-particle number densities,
9,11
n+(p) =
1
eβω+,p − 1
, (A.19)
n−(p) =
1
eβω−,p − 1
, (A.20)
where β denotes the inverse of the temperature.
Since the thermal Bogoliubov transformations in the equilibrium system (A.17)
and (A.18) are independent on time, the time dependence for the transformed op-
erators, ξαp (t) and η
α
p (t), coincides with the one for the ordinary oscillators, a
α
p (t)
and bαp (t),
ξαp (tx) = ξ
α
p e
−iω+,ptx , ξ¯αp (tx) = ξ¯
α
p e
iω+,ptx , (A.21)
ηαp (tx) = η
α
p e
−iω−,ptx , η¯αp (tx) = η¯
α
p e
iω−,ptx . (A.22)
Thus the complex scalar field is decomposed in terms of the transformed operators
(A.21) and (A.22) as
φαξ (x) =
∫
d3p
(2pi)3
1√
2ωp
{
ξαp (tx)e
ip·x + (τ3η¯p(tx)
T )αe−ip·x
}
, (A.23)
φ¯αξ (x) =
∫
d3p
(2pi)3
1√
2ωp
{
ξ¯αp (tx)e
−ip·x + (ηp(tx)
T τ3)
αeip·x
}
, (A.24)
and
piαξ (x) = (−i)
∫
d3p
(2pi)3
√
ωp
2
{
ξαp (tx)e
ip·x − (τ3η¯p(tx)
T )αe−ip·x
}
, (A.25)
p¯iαξ (x) = (−i)
∫
d3p
(2pi)3
√
ωp
2
{
−ξ¯αp (tx)e
−ip·x + (ηp(tx)
T τ3)
αeip·x
}
. (A.26)
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The complex scalar field and its canonical conjugate (A.23)-(A.26) satisfy the equal-
time canonical commutation relations,
[φαξ (t,x), p¯i
β
ξ (t,y)] = [φ¯
α
ξ (t,x), pi
β
ξ (t,y)] = iδ
(3)(x− y)δαβ . (A.27)
Our definition of the thermal vacuum preserves the representations of the complex
scalar field, (A.23)-(A.26), in NETFD.
In a similar manner the chemical potential can be introduced in the Dirac field.
The conserved charge, Qˆconsv, is given for the Dirac field as
Qˆconsv =
∫
d3xψ¯αa (x)γ
0ψαa (x). (A.28)
In the equilibrium system the conserved charge introduces the chemical potential,
µ. Thus the free hat-Hamiltonian is modified as
Hˆ0 = Hˆ0|µ=0 − µQˆconsv
=
∫
d3xψ¯αa (x)
(
−iγ · ∇x +m− µγ
0
)
ψαa (x). (A.29)
At finite chemical potential the Dirac field is decomposed as
ψαa (x) =
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
as,αp (tx)u
s(p)eip·x + (τ3b¯
s
p(tx)
T )αvs(p) e−ip·x
}
,
(A.30)
ψ¯αa (x) =
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
a¯s,αp (tx)u¯
s(p)e−ip·x + (bsp(tx)
T τ3)
αv¯s(p)eip·x
}
,
(A.31)
with
as,αp (tx) = a
s,α
p e
−iω+,ptx , a¯s,αp (tx) = a¯
s,α
p e
iω+,ptx , (A.32)
bs,αp (tx) = b
s,α
p e
−iω−,ptx , b¯s,αp (tx) = b¯
s,α
p e
iω−,ptx , (A.33)
where the energy eigenvalues, ω±,p, are given by Eqs. (A.15) and (A.16). The eigen-
functions, us(p) and vs(p), satisfy,
(γ0ωp − γ · p−m)u
s(p) = 0, (A.34)
(−γ0ωp + γ · p−m)v
s(p) = 0, (A.35)
u¯s(p)(γ0ωp − γ · p−m) = 0, (A.36)
v¯s(p)(−γ0ωp + γ · p−m) = 0, (A.37)
and ∑
s
us(p)u¯s(p) = γ0ωp − γ · p+m, (A.38)
∑
s
vs(p)v¯s(p) = γ0ωp − γ · p−m.
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We should notice that these conditions contain no chemical potential. The Dirac
field with the chemical potential obeys the anticommutation relation,
{ψ†αa (t,x), ψ
β
a (t,y)} = δ
(3)(x− y)δαβ , (A.40)
where we write ψ†αa ≡ ψ¯
α
a γ
0. The time evolution equations for the fields (A.30) and
(A.31) are reproduced by the Heisenberg equations and Eqs. (A.34)-(A.37).
In the equilibrium system the thermal Bogoliubov transformation are defined
by
ξs,αp (t) = B(n+(p))
αβas,βp (t), ξ¯
s,α
p (t) = a¯
s,β
p (t)B
−1(n+(p))
βα, (A.41)
ηs,αp (t) = B(n−(p))
αβbs,βp (t), η¯
s,α
p (t) = b¯
s,β
p (t)B
−1(n−(p))
βα, (A.42)
where the thermal Bogoliubov matrices, B(n±) and B
−1(n±), are given by
Eqs. (134) and (135). The thermal Bogoliubov parameters in the equilibrium system
are defined with the Fermi particle and anti-particle number densities, 9
n+(p) =
1
eβω+,p + 1
, (A.43)
n−(p) =
1
eβω−,p + 1
. (A.44)
From the thermal Bogoliubov transformations (A.41) and (A.42) we obtain the
time dependence for the transformed operators, ξs,αp (t) and η
s,α
p (t), at finite chemical
potential,
ξs,αp (tx) = ξ
s,α
p e
−iω+,ptx , ξ¯s,αp (tx) = ξ¯
s,α
p e
iω+,ptx , (A.45)
ηs,αp (tx) = η
s,α
p e
−iω−,ptx , η¯s,αp (tx) = η¯
s,α
p e
iω−,ptx . (A.46)
With the transformed operators (A.45) and (A.46) we can construct the Dirac field
at finite chemical potential as
ψαξ (x) =
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξs,αp (tx)u
s(p)eip·x + (τ3η¯
s
p(tx)
T )αvs(p)e−ip·x
}
,
(A.47)
ψ¯αξ (x) =
∫
d3p
(2pi)3
1√
2ωp
∑
s
{
ξ¯s,αp (tx)u¯
s(p)e−ip·x + (ηsp(tx)
T τ3)
αv¯s(p)eip·x
}
.
(A.48)
The Dirac field satisfies the canonical anticommutation relation,
{ψ†αξ (t,x), ψ
β
ξ (t,y)} = δ
(3)(x− y)δαβ . (A.49)
In our definition of NETFD the Dirac field has the same expressions in Eqs. (A.47)
and (A.48).
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Appendix B. Propagator for a Free Complex Scalar Field
In TFD the Feynman propagator for a free complex scalar field is given by the
expectation value of the time ordered product of a composite operator constructed
by two scalar fields. It has the 2× 2 matrix form in the thermal doublet notation,
D
αβ
0 (tx, ty,x− y) ≡ 〈θ|T [φ
α
a (x)φ¯
β
a (y)]|θ〉. (B.1)
After the thermal Bogoliubov transformation the propagator (B.1) reads
D
αβ
0 (tx, ty,x− y)
= θ(tx − ty)
[
B−1(n+(tx; |∇x|))
αγ1〈θ|φγ1ξ,+(x)φ¯
γ2
ξ,−(y)|θ〉B(n+(ty; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1
×〈θ|{τ3φξ,−(x)}
γ1{φ¯ξ,+(y)τ3}
γ2 |θ〉{B−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
]
+θ(ty − tx)
[
B−1(n+(tx; |∇x|))
αγ1〈θ|φ¯γ2ξ,−(y)φ
γ1
ξ,+(x)|θ〉B(n+(ty; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1
×〈θ|{φ¯ξ,+(y)τ3}
γ2{τ3φξ,−(x)}
γ1 |θ〉{B−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
]
, (B.2)
where the fields, φαξ,± and φ¯
α
ξ,±, represent the positive and the negative frequency
parts in Eqs. (44) and (45), respectively.
Due to the definition of the thermal vacuum (19) and (20), the thermal propa-
gator, Dαβ0 , reduces to
D
αβ
0 (tx, ty,x− y) = B
−1(n+(tx; |∇x|))
αγ1D
γ1γ2
0,R (x− y)B(n+(ty; |
←−
∇y|))
γ2β
+
{
τ3B(n−(tx; |∇x|))
T
}αγ1
D
γ1γ2
0,A (x− y)
{
B−1(n−(ty; |
←−
∇y|))
T τ3
}γ2β
, (B.3)
where Dγ1γ20,R (x− y) and D
γ1γ2
0,A (x− y) are given by
D110,R(x− y) =
∫
d3p
(2pi)3
θ(tx − ty)
1
2ωp
e−iω+,p(tx−ty)eip·(x−y), (B.4)
D220,R(x− y) = −
∫
d3p
(2pi)3
θ(ty − tx)
1
2ωp
e−iω+,p(tx−ty)eip·(x−y), (B.5)
D110,A(x− y) =
∫
d3p
(2pi)3
θ(ty − tx)
1
2ωp
eiω−,p(tx−ty)e−ip·(x−y), (B.6)
D220,A(x− y) = −
∫
d3p
(2pi)3
θ(tx − ty)
1
2ωp
eiω−,p(tx−ty)e−ip·(x−y), (B.7)
other components = 0.
In a homogeneous non-equilibrium system the t-representation is convenient for
practical calculations. Performing the spatial Fourier transformation, we rewrite the
thermal propagator in the t-representation,
D
αβ
0 (tx, ty;p) = B
−1(n+(tx; p))
αγ1D
γ1γ2
0,R (tx − ty;p)B(n+(ty; p))
γ2β
+{τ3B(n−(tx; p))
T }αγ1Dγ1γ20,A (tx − ty;p){B
−1(n−(ty; p))
T τ3}
γ2β , (B.8)
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where we define
D110,R(tx − ty;p) = θ(tx − ty)
1
2ωp
e−iω+,p(tx−ty), (B.9)
D220,R(tx − ty;p) = −θ(ty − tx)
1
2ωp
e−iω+,p(tx−ty), (B.10)
D110,A(tx − ty;p) = θ(ty − tx)
1
2ωp
eiω−,p(tx−ty), (B.11)
D220,A(tx − ty;p) = −θ(tx − ty)
1
2ωp
eiω−,p(tx−ty), (B.12)
other components = 0.
These expressions are used to evaluate Feynman diagrams for the complex scalar
field.
Appendix C. Propagator for a Free Dirac Field
We evaluate the thermal propagator for a free Dirac field in NETFD. The thermal
propagator has the 2× 2 matrix form in the thermal doublet notation. It is defined
by
S
αβ
0 (tx, ty,x− y) ≡ 〈θ|T [ψ
α
a (x)ψ¯
β
a (y)]|θ〉. (C.1)
Applying the thermal Bogoliubov transformation, we obtain
S
αβ
0 (tx, ty,x− y)
= θ(tx − ty)
[
B−1(n+(tx; |∇x|))
αγ1〈θ|ψγ1ξ,+(x)ψ¯
γ2
ξ,−(y)|θ〉B(n+(ty ; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1
×〈θ|{τ3ψξ,−(x)}
γ1{ψ¯ξ,+(y)τ3}
γ2 |θ〉{B−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
]
−θ(ty − tx)
[
B−1(n+(tx; |∇x|))
αγ1〈θ|ψ¯γ2ξ,−(y)ψ
γ1
ξ,+(x)|θ〉B(n+(ty; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1
×〈θ|{ψ¯ξ,+(y)τ3}
γ2{τ3ψξ,−(x)}
γ1 |θ〉{B−1(n−(ty; |
←−
∇y|))
T τ3}
γ2β
]
, (C.2)
where the fields, ψαξ,± and ψ¯
α
ξ,±, show the positive and the negative frequency parts
of the Dirac field, (156) and (157).
Since the transformed operators annihilate the thermal vacuum, the thermal
propagator reads
S
αβ
0 (tx, ty,x− y) = B
−1(n+(tx; |∇x|))
αγ1S
γ1γ2
0,R (x− y)B(n+(ty; |
←−
∇y|))
γ2β
+{τ3B(n−(tx; |∇x|))
T }αγ1Sγ1γ20,A (x− y){B
−1(n−(ty ; |
←−
∇y|))
T τ3}
γ2β, (C.3)
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where Sγ1γ20,R (x − y) and S
γ1γ2
0,A (x− y) are written as
S110,R(x− y) =
∫
d3p
(2pi)3
θ(tx − ty)
ωpγ
0 − p · γ +m
2ωp
e−iω+,p(tx−ty)eip·(x−y), (C.4)
S220,R(x− y) = −
∫
d3p
(2pi)3
θ(ty − tx)
ωpγ
0 − p · γ +m
2ωp
e−iω+,p(tx−ty)eip·(x−y),(C.5)
S110,A(x− y) = −
∫
d3p
(2pi)3
θ(ty − tx)
ωpγ
0 − p · γ −m
2ωp
eiω−,p(tx−ty)e−ip·(x−y),(C.6)
S220,A(x− y) =
∫
d3p
(2pi)3
θ(tx − ty)
ωpγ
0 − p · γ −m
2ωp
eiω−,p(tx−ty)e−ip·(x−y), (C.7)
other components = 0.
The thermal propagator (C.3) is expressed in the t-representation as
S
αβ
0 (tx, ty;p) = B
−1(n+(tx; p))
αγ1S
γ1γ2
0,R (tx − ty;p)B(n+(ty; p))
γ2β
+{τ3B(n−(tx; p))
T }αγ1Sγ1γ20,A (tx − ty;p){B
−1(n−(ty ; p))
T τ3}
γ2β , (C.8)
where
S110,R(tx − ty;p) = θ(tx − ty)
ωpγ
0 − p · γ +m
2ωp
e−iω+,p(tx−ty), (C.9)
S220,R(tx − ty;p) = −θ(ty − tx)
ωpγ
0 − p · γ +m
2ωp
e−iω+,p(tx−ty), (C.10)
S110,A(tx − ty;p) = −θ(ty − tx)
ωpγ
0 + p · γ −m
2ωp
eiω−,p(tx−ty), (C.11)
S220,A(tx − ty;p) = θ(tx − ty)
ωpγ
0 + p · γ −m
2ωp
eiω−,p(tx−ty), (C.12)
other components = 0.
We use these expressions in the calculations of the 1-loop self-energy.
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